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Abstract 

We describe wall-crossing for local, toric Calabi-Yau manifolds without compact four- 
cycles, in terms of free fermions, vertex operators, and crystal melting. Firstly, to each 
such manifold we associate two states in the free fermion Hilbert space. The overlap of 
these states reproduces the BPS partition function corresponding to the non-commutative 
Donaldson-Thomas invariants, given by the modulus square of the topological string parti- 
tion function. Secondly, we introduce the wall-crossing operators which represent crossing 
the walls of marginal stability associated to changes of the B-field through each two-cycle 
in the manifold. BPS partition functions in non-trivial chambers are given by the expecta- 
tion values of these operators. Thirdly, we discuss crystal interpretation of such correlators 
for this whole class of manifolds. We describe evolution of these crystals upon a change of 
the moduli, and find crystal interpretation of the flop transition and the DT/PT transition. 
The crystals which we find generalize and unify various other Calabi-Yau crystal models 
which appeared in literature in recent years. 
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1 Introduction 



Counting of BPS states is an important problem in supersymmetric theories. In the 
context of string compactifications one is interested in the spectrum of bound states of D- 
branes wrapped around cycles of the internal Calabi-Yau threefold. In recent years there 
has been much progress in understanding degeneracies of DO and D2-branes bound to a 
single D6-brane in type IIA theory. It was found out that these degeneracies are related on 
one hand to the topological string theory, and on the other to statistical models of crystal 
melting [U EJ [3], while the Donaldson-Thomas theory provides a mathematical framework 
to describe these developments jl]. 

In fact the number of such bound states depends on the moduli of the the underlying 
Calabi-Yau manifold. Once these moduli are varied certain states may either get bound 
together or unbound and their numbers jump. The corresponding moduli space is therefore 
divided into distinct chambers by loci called walls of marginal stability. The term wall- 
crossing refers to understanding behavior of BPS counting functions upon crossing those 
walls of marginal stability. While the issue of stability in various supersymmetric theories 
has a long history, one of the sources of its new impetus in the context of D-branes in 
string theory was the work of Denef and Moore [5J. In a parallel development a very 
general mathematical theory which describes these phenomena has been formulated by 
Kontsevich and Soibelman |6]. Subsequently these results were applied to local Calabi- 
Yau manifolds from physical [7J El [H] and mathematical [TU| [TTJ H2J d3J EU H5J HE] points 
of view. Recently, based on various string dualities jTT] , these results and their relation 
to topological string theory were explained from the M-theory perspective for manifolds 
without compact four-cycles |18| . 

In this paper we reformulate BPS counting and wall-crossing for the entire class of 
local, toric Calabi-Yau manifolds without compact four-cycles, in terms of free fermions, 
vertex operators and crystal melting □ There are several motivations for our work. One 
motivation is related to the wave-function interpretation of topological string theory [T9| 
20]. Such interpretation was originally proposed in the context of holomorphic anomaly 
equations. Various explicit representations of topological string partition functions, as 
states in the free fermion Hilbert space, were found in [2Tj |22| |23| 123] . However those 



2 While this paper was being prepared for publication, the author was informed that Kentaro Nagao 
independently reformulated wall-crossing for local Calabi-Yau manifolds in terms of vertex operators and 
obtained results overlapping with ours |29| . Our papers appear simultaneously. 
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states were constructed only in one point in the moduli space, which corresponds to the 
large radius limit. In [2T] those states were related to integrable hierarchies. In [23J 
by a chain of string dualities their physical origin was found in terms of open strings 
stretching between intersecting D4 and D6-branes. It is therefore interesting whether 
some analogous wave-function interpretation extends also to other chambers of the moduli 
space. In this paper we show that this is indeed true. Firstly, we find a new set of 
fermionic states which encode the quantum structure of local, toric Calabi-Yau manifolds 
without compact four-cycles, such that their overlaps are equal to the modulus square of 
the corresponding topological string partition functions. These states are different than 
those found in [21J for the same manifolds. In particular the states which we find here are 
naturally associated to the non-commutative Donaldson-Thomas chamber. Nonetheless, 
both of them are given by a Bogoliubov transformation of the fermionic vacuum. Secondly, 
we also find fermionic interpretation of wall-crossing in a large set of chambers, and realize 
BPS generating functions in those chambers as various fermionic correlators. While we do 
not provide a clear physical explanation why such fermionic quantum states should occur, 
we believe it should exist. 

Another motivation of our work is related to Calabi-Yau crystals. Similarly as in 
the wave-function case, originally a crystal interpretation of BPS counting was realized 
in one particular chamber of the moduli space and was intimately related to the vertex 
operators [HE]- More recently, a generating function of pyramid partitions for the resolved 
conifold in another special chamber was computed using free fermion formalism [13J. It is 
natural to expect that such fermionic crystal representation of BPS counting should hold 
for all chambers and much larger class of manifolds. In this paper we indeed find such 
representation for local, toric Calabi-Yau manifolds without compact four-cycles, in a large 
set of chambers. 

The main results of this paper are briefly summarized below. 

1.1 Summary of the results 

Let M denote a toric Calabi-Yau manifolds without compact four-cycles. Firstly, we 
associate to M two states 



Ob) e H 



in the Hilbert space of free fermion f-L, such that 



Z = \2L 
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where Z top denotes the instanton part of the topological string partition function of M, 
and Z is the generating function of the non-commutative Donaldson-Thomas invariants. 

Secondly, we find a large set of wall-crossing operators W p , W p7 which inserted n times 
in the above correlator encode the BPS generating functions in chambers corresponding 
to turning on n, respectively positive and negative, quanta of the I?-field through p'th 
two-cycle of M. These generating functions, according to the prescription of [TS] are given 
by a restriction of \Z top \ 2 . In our formalism, in chambers connected by a finite number of 
walls of marginal stability to the non-commutative Donaldson-Thomas region, or to the 
core region with Z = 1 (i.e. corresponding to positive or negative radius R in the M-theory 
interpretation), they are given respectively by 

Z n]p = (Q + \(W p r\Q.), Z' nlp = (Q + \(W' p r\Q.), (2) 

z n \ P = (o\(w P r\o), z' n]p = (o\(W P r\o). (3) 

From our point of view the generating function in the core region, corresponding to a single 
D6-brane, is given by 

Z= (0|0) = 1. 

In particular, the change from positive to negative values of R, which corresponds for 
example to the so-called DT/PT transition jH [12], is represented in our formalism by the 
change of the ground state representing the manifold 

|Ot) <— ► |0>. 

More precisely, the equality of the above correlators to the BPS partition functions arises 
upon an appropriate identification of parameters (i.e. colors of the crystal with Kahler 
parameters and string coupling), which we find in each case that we consider. 

Thirdly, we find a crystal melting interpretation of all these generating functions. They 
turn out to be related, respectively, to the generating functions 

Z, Z n \ p , Z n \ p , Z n \ p , Z n][p , z, 

of multi-colored crystals, also under appropriate identification of crystal and stringy pa- 
rameters. The shape and coloring of these crystals is encoded in the toric diagram of the 
Calabi-Yau manifold, and for non-trivial chambers also in the structure of the wall oper- 
ators W p , W p . We also discuss evolution of crystals and find a crystal interpretation of 
various geometric transitions, such as the flop transition and DT/PT transition. In par- 
ticular, in our framework we can easily prove the relation between certain BPS generating 
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functions for the conifold and finite pyramid partitions conjectured in [SJ, and generalize it 
to other manifolds. Moreover, the crystals which we find provide a unifying point of view 
on various crystal models considered in literature in recent years. 

This paper is organized as follows. In section [2] we review necessary background on 
wall-crossing, free fermion formalism and crystal melting, and set up various conventions 
and notation. In section [3] we describe in detail the results summarized above for the class 
of manifolds encoded in an arbitrary triangulation of a strip. In section H] we illustrate 
these results in several examples and find more general wall-crossing operators. We also 
analyze the closed topological vertex geometry, which is a case that does not arise from 
a triangulation of a strip. Section contains proofs of the statements given in section [3J 
Section [HI contains summary and discussion. 

2 Preliminaries 

In this section we review some background material, as well as set the notation and 
conventions used in further parts of the paper. In sect ion [2J] we review a physical picture of 
wall-crossing for manifolds without compact four-cycles, on which we will rely in derivation 
of some of our results. In section 12.21 we review the formalism of free fermions and the 
construction of vertex operators. In section 12.31 we recall how these can be used to solve 
certain models of three-dimensional melting crystals, which in particular arise in connection 
with enumerative invariants of Calabi-Yau threefolds. In section 12.41 we review the wall- 
crossing for the resolved conifold, which we will generalize to a large class of manifolds in 
section |3j 

2.1 Wall-crossing for local Calabi-Yau manifolds 

In this section we review the wall-crossing phenomena for local toric Calabi-Yau man- 
ifolds without four-cycles. One large class of such manifolds can be encoded in toric 
diagrams which arise from a triangulation of a strip, as we will explain in detail in section 
13.21 Another example of such a geometry (which does not arise from a triangulation of a 
strip) is the closed topological vertex presented in section 14.61 

Mathematically wall-crossing describes a change of generalized Donaldson-Thomas in- 
variants upon crossing the walls of marginal stability. Generating functions of such gen- 
eralized Donaldson-Thomas invariants for the local geometries mentioned above, in vari- 
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ous chambers were derived by mathematicians in [TUl [T5| [T5| ITS] . Physically generalized 
Donaldson-Thomas invariants correspond to numbers of D6-D2-D0 bound states, and for 
the resolved conifold they were analyzed in [7J El [9]. Recently a physical prescription for 
determining BPS generating functions in all chambers, for general manifolds without com- 
pact four-cycles, was derived in [18J. For local manifolds mentioned above this prescription 
agrees with mathematical results. This also makes contact with topological string theory 
and fits naturally in the context of our results. We therefore review the wall-crossing for 
local geometries from the perspective of this paper. 

The idea of [TS] is as follows. The system of D6-D2-D0 branes in type IIA theory can 
be lifted to M-theory on S l , whereupon D6-brane transforms into a geometric background 
of a Taub-NUT space with unit charge, extending in directions transverse to the D6-brane. 
This Taub-NUT space is a circle S^ N fibration over M 3 , with S^ N shrinking to a point in the 
location of the D6-brane and attaining a radius R at infinity. The counting of bound states 
involving D6-brane is then reinterpreted as the counting of BPS states of M2-branes in 
this Taub-NUT space. This counting does not change when the radius R grows to infinity 
and Taub-NUT approaches R 4 . Moreover, from the spacetime perspective, the resulting 
generating functions of BPS degeneracies would factorize into a product of single particle 
partition functions if there would be no interaction among five-dimensional particles. It is 
then argued that this can be achieved if the following two conditions are satisfied. Firstly, 
the moduli of the Calabi-Yau have to be tuned such that M2-branes wrapped in various 
ways have aligned central charges. This can be achieved by considering vanishing Kahler 
parameters of the Calabi-Yau space. At the same time, to avoid generation of massless 
states, non-trivial flux of the M-theory three-form field through the two-cycles of the 
Calabi-Yau and S^ N have to be turned on. In type IIA this flux translates to the 5-field 
flux B through two-cycles of Calabi-Yau. For a state arising from D2 wrapping a class /3 
the central charge then reads 

Z(l,/3) = ±(l + B./3), (4) 

where I counts the DO-brane charge, which is taken positive to preserve the same super- 
symmetry. The second condition requires that the only BPS states in the Taub-NUT 
geometry are particle-like, and therefore there are no string-like states which would arise 
from M5-branes wrapped on four-cycles. This is why the results of |18] hold for Calabi-Yau 
geometries without compact four-cycles. 

Under the above two assumptions, and in the limit R — > oo, the counting of D6-D2-D0 
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bound states translates to the counting of particle degeneracies on I 4 x 5 1 , arising from 
M2-branes wrapped on cycles /3. The excitations of these particles in M 4 , parametrized by 
two complex variables zi, Z2, are accounted for by the modes of the holomorphic field 

Under a decomposition of the isometry group of IR 4 as SO (A) = SU(2) x SU(2)' there 
are NT' m five- dimensional BPS states of intrinsic spin (to, to'). The degeneracies we are 
interested in correspond to the net number obtained by tracing over the SU(2)' spins, and 
are expressed by Gopakumer-Vafa invariants 



N™ = ^(-l) m ' 'N™' m ' . 



The total angular momentum of a given state contributing to the index is I = l\ + I2 + m. 
Now the invariant degeneracies are expressed as the trace over the corresponding Fock 
space, subject to the condition that all the contributing states are mutually BPS, i.e. 

Z(Z,/9) = i(Z + fl./3)>0. (5) 
Therefore, in a chamber specified by the moduli R and B 



Z{R,B) = Tr Fock qf°Q Q *\ z 



(l,/3)>0 



n n (i-^ 2+m QT™k^ 

f},m h+l2=l 



>0 



00 



= niK 1 -^^!^. ( 6 ) 

p,m 1=1 

where Q = e~ T and q s = e~ 9a encode respectively the Kahler class T and the string 
coupling g s . Note that the product over /3 runs over both positive and negative classes, so 
that both M2 and anti-M2-branes contribute to the index as long as the condition (jSJ) is 
satisfied. 

An important observation in [18] is also the fact that the BPS generating functions are 
simply related to the topological string partition function 

Z(R,B) = Ztop(Q) Zt p(Q )\chamber = |-2top(Q)| \chamber- (7) 

Here the subscript {chamber denotes restriction to contributions from states for which 
Z(l,/3) > in a given chamber, and the topological string partition function is expressed 



8 



through Gopakumar-Vafa invariants 

oo 

z toP (Q) = M( q )^ n n (! - Q"c +i y N ™, 

1=1 /3>0,m 

where M(q) = Yii(^ ~ q l )~ l is the MacMahon function and x is the Euler characteristic of 
the Calabi-Yau manifold. 

There are a few interesting special cases of the relation (J7|). For positive R and infinite 
B we get contributions from states with arbitrary n and positive ft, so that we get 

Z{R > 0, B oo) = M(l, g)* /2 Z top (Q). (8) 

This immediately leads to the relation between the Gromov-Witten and Donaldson- 
Thomas invariants discussed in [2]. For positive R and B sufficiently small < B << 1 
all n and ft contribute, which corresponds to the chamber for which non- commutative 
Donaldson-Thomas invariants [10J are defined 

Z(R > 0,0 < B « 1) = Z top (Q)Z top (Q- 1 ) = \Z top (Q)\ 2 . (9) 

For negative R and B sufficiently small, only a single D6-brane contributes to the partition 
function 

Z(R < 0,0 < B « 1) = 1. (10) 

In general in what follows we will denote BPS generating functions in chambers with 
positive R by (curly) Z, and in chambers with negative R by Z. In this paper we will show 
that they are equal to certain free fermion amplitudes, as well as crystal model generating 
functions denoted respectively by (non-curly) Z and Z, under a simple identification of 
parameters on both sides. 

2.2 Free fermion formalism 

Formalism of free fermions in two dimensions is well known [25| [26] and ubiquitous in 
literature on topological strings and crystal melting [IJ [3j [131 EH E3]. The main purpose 
of this section is therefore to set up a notation which we will follow in the remaining parts 
of this paper. Our conventions follow closely those of [13J. 

The states in the free fermion Fock space are created by the action of the anti- 
commuting modes of the fermion field 

= ^2^k+i/2Z' k ' 1 , ip*{z) = ^^fc+i /2 ^~ fc ~\ {^+1/2,^-1-1/2} = *fc,l 
feez fcgz 
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on the vacuum |0). Each state 
d 

It*) = n^-^-i/2^-^-V2l ) ; with a i = to - h h = i4 -i, 



i=i 



corresponds in a unique way to a two-dimensional partition fi = (/ii, fi2, ■ ■ ■ Hi)- The modes 
a m of the bosonized field dip =: tp{z)'ip*{z) : satisfy the Heisenberg algebra [a m ,a_ n ] = 



One can now define vertex operators 

r ± (» = e E ->o^ a± ", F' ± (x) = e E ->« — n — Q± ", (11) 

which act on fermionic states corresponding to partitions // as |25j [26], [13] 

r-(*)M = 5>" a h*|a), r+(a;) | Ai) = ^ x m-ia|| A}) (12) 

A>-/j A^ 

r'_(*} = £ xi A i-i^i|A), rv(x)|/i> = £ xN-W|A>, (is) 

where the interlacing relation between partitions is defined by 

A >- \i <^> Ai > Hi > A 2 > Ai 2 > A 3 > (14) 

The operator T' is in fact the inverse of V with negative argument. These operators 
satisfy commutation relations 

r + (x)r_( y ) = _J_ r _( !/ )r + (x), (15) 

1 — 

r' + (x)r'_ (y) = -^—T'_(y)T' + (x), (16) 
1 — xy 

r' + (x)r_(y) = (l + a:y)r_(y)r + (x), (17) 

r + (x)r'_( y ) = (i + xy)r'_( y )r + (x). (is) 

We also introduce various colors q g and the corresponding operators Q g (a hat is to 
distinguish them from Kahler parameters Qi) 

Q 9 \X) = q l g Xl \X). (19) 
These operators commute with vertex operators up to a scaling of the argument 

T + (x)Q g = Q g T + (xq g ), T' + (x)Q g = Q g T' + (xq g ), (20) 

Q g V_{x) = T4xq g )Q g , 4,r'_(x) = T'_(xq g )Q g . (21) 
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2.3 Crystal melting 

Since the work [H [2] it is known that various enumerative invariants of Calabi-Yau 
manifolds turn out to be related to statistical models of crystal melting. More precisely, 
generating functions of those enumerative invariants are equal to partition functions of crys- 
tal models in the grand canonical ensemble. Such crystal partition functions are computed 
as sums over all possible crystal configurations subject to appropriate rules, with weights 
given by the number (or its refinements) of (missing) elementary crystal constituents in a 
given configuration. 

Enumerative invariants of Calabi-Yau threefolds are related to three-dimensional crystal 
models. A simple example of such a model consists of unit cubes filling the positive octant 
of M. 3 space. A unit cube located in position (/, J, K) can evaporate from this crystal only 
if all other cubes with coordinates (i < I , j < J, k < K) already evaporated. Therefore all 
missing configurations are in one-to-one correspondence with three-dimensional partitions 
7r, also called plane partitions. Weighting each such configuration by the number of boxes it 
consists of 1 7r | , the partition function of this model turns out to be the MacMahon function 
M(q) = M(l,q) 

oo oo 1 

z =n^= e^v = n = 

TV 1=0 1=1 ^ H ' 

Mathematically the numbers p(l) encode Donaldson-Thomas invariants, while from the 
string theory viewpoint they count the number of bound states of I DO-branes with a 
single D6-brane covering C 3 jTJ[2]. In what follows we also often use generalized MacMahon 
functions 

oo 

M(x,q) = Y[{l-xq i )~ i , M{x,q) = M(x,q)M(x~ 1 ,q). (22) 

i=i 

The above partition function Z is a prototype example which can be computed using 
free fermion formalism and vertex operators. Denoting the axes of R in which the crystal is 
embedded by x, y, z, we first slice each possible crystal configuration (or rather its missing 
complement) by planes given by x — y G Z, as shown in figure [TJ One can show that 
a configuration of boxes in each such slice corresponds to a two-dimensional partition, 
and two such partitions, corresponding to two neighboring slices, satisfy the interlacing 
condition (|14j) . Therefore constructing all possible crystal configurations is equivalent to 
building them slice by slice from interlacing partitions. Precisely such an operation is 
performed by T± operators (1T2]) . Counting of boxes in a given plane partition can also 
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be performed slice by slice using single operator Q defined in (lT§j) . Therefore the above 
partition function can be computed by writing infinite series of operators T±{1)Q acting 
on two vacua representing empty two-dimensional diagrams, and then commuting them 
according to f JT5|) and ( l2"T|) 

z = (o|...Qr + (i)gr + (i)Qr + (i)gr_(i)Qr_(i)gr_(i)Q...|o}= (23) 
= (o| . . . r + (g 2 )r + (g)r + (i)r_( g )r_(g 2 )r_(g 3 ) . . . |0> = 

00 1 

= n i _ = m ®- 

h,h=l H 

This computation is represented in figured] (right), with arrows representing insertions of 
r_|- operators along two axes. 




Figure 1: Slicing of a plane partition (left) into a sequence of interlacing two- 
dimensional partitions (right). A sequence ofY± operators in which create 
two-dimensional partitions is represented by arrows inserted along two axes. 
Directions of arrows — > represent interlacing condition y on partitions. We 
reconsider this example from a new viewpoint in figure 



The example presented above is very simple, as it involves just one color Q and only 
r_|- operators. More complicated crystal models can involve more colors, as well as both 
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r± and r' ± operators. A family of multicolored crystals (realized by multicolored plane 
partitions) corresponding to C 3 /Zjv orbifolds was considered in [13]. On the other hand the 
crystal model encoding generalized Donaldson-Thomas invariants for the conifold involves 
two-colored pyramid partitions which are built by an application of interlacing sequence 
of T and T' operators, as we will discuss in more detail in sections 12.41 below and 14.31 In 
section E] we find a unifying viewpoint on all these examples. 

2.4 Wall-crossing for the conifold and pyramid partitions 

In this section we briefly review the wall-crossing for the resolved conifold. The struc- 
ture of walls and chambers has been analyzed in this case in [7J [8j [10J [15], and it is of 
course consistent with the results in |18j summarized in section 12.11 For each chamber 
there is also an associated crystal model of two-colored pyramid partitions, and crossing 
a wall of marginal stability corresponds to the extension of the pyramid crystal. One can 
also translate counting of pyramid partitions into a dimer model; in this language crossing 
a wall corresponds to a combinatorial operation called dimer shuffling. The structure of 
these pyramid crystal models or dimers can also be encoded in a quiver and an associated 
potential. 





Figure 2: Infinite pyramids with one (left) and four (right) stones in the top 

J 3 



rni ■ j. ■ p i ■ ■ i ■ / 7 rypyramid j rypyramid 

row. 1 heir generating junctions are given respectively by Zq and Z% 



The space of stability conditions of the conifold can be divided into several infinite 



countable sets of chambers. As explained in section 12. 1[ BPS generating functions in all 
chambers can also be related to the (square of the) topological string partition function 

ZZ7 fol \Q) = M(l, g s ) ;Q(1 - Q<£) h (24) 

fc>i 
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with appropriate values of the moduli R and the B field through P 1 of the conifold. Here 
q s = e~ 9a and Kahler modulus T is encoded in Q = e~ T . This topological string partition 
function encodes the Gopakumar-Vafa invariants 

N° — — 9 N° — 1 

iv /3=0 — Z > iV /S=±l — l - 

For future reference we write down BPS generating functions for two sets of chambers 
below. We stress that the labeling of the chambers, as well as an identification of the 
pyramid colors q , qi with string parameters q s , Q is slightly different than in [7J 02]. The 
conventions we use are well motivated from the point of view of the formalism developed 
in section [3l 

The first set of chambers is characterized by R > and positive B E]n,n + 1[ (for 
n > 0). It extends between the non-commutative region of Szendroi (jH]) and the chamber 
with standard Donaldson-Thomas invariants flS}. BPS partition functions are labeled by 
n and read 

Z conifold = M(1) q) 2 "Q (1 _ Qq k )k "Q (1 _ g - l g fc )fc . (25) 
k>l k>n+l 

These partition functions are related to pyramid partitions with two colors go and q±, 
presented in figure [2j The generating function of a pyramid with n + 1 yellow boxes in its 
top row is 

ZnrvMfo, qi ) = M(l, q ogi ) 2 J] (1 + q *q$ +1 ) k - n I^ 1 + ( 26 ) 

k>n+l k>l 

and it reproduces Z^ oni ^ old = Z^ >ram%d under the identification of parameters 

z conifold chambers . qg = qogu Q = _ q n gi 

For n = the non-commutative Donaldson- Thomas partition function [101 [TT] corresponds 
to a pyramid with just one stone in the top row, while n — > oo corresponds to the pyramid 
which looks like a half-infinite prism. 

The second set of chambers is characterized by R < and positive B E]n — l,n[ (for 
n > 1). It extends between the core region with a single D6-brane (Tl0|) and the chamber 
characterized by so-called Pandharipande-Thomas invariants (for the flopped geometry, or 
equivalently for anti-M2-branes) ; the BPS generating functions read 

n— 1 j 

^com/old = JJ (l - (27) 
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The corresponding statistical models were conjectured in [8J to correspond to finite pyra- 
mids with n — 1 stones in the top row, as shown in figure El In section H~31 we will provide 
a new proof of this statementjj] and show that the generating functions of such partitions 
are equal to 

ZPVram^ ft) = JJ(1 + gg ' $ ' ' (28) 

i=i 

The equality Z^ m ^ M = Z^ /ramid arises upon an identification 

Zcomfold chambers . g -l = q()qu Q = _ q n Qi 

O C$) 

Figure 3: Finite pyramids with m = 1,2,3 stones in the top row (respectively 
left, middle and right), whose generating functions are given by Z^1 mid (note 
that z\ yram ' Ld = 1 corresponds to an empty pyramid corresponding to the pure 
D6-brane). 




There are two more sets of chambers characterized by the negative value of the 5-field. 
The corresponding generating functions are of the analogous form as above, but with Q 
replaced by Q~ l . We will see that in a natural way they correspond to pyramids with a 
vertical top row consisting of red stones (rather than the horizontal yellow top rows as in 
figures [2] and 131 even though such a correspondence would also be possible, albeit with less 
natural identification of parameters). 

3 Results 

In this section we consider wall-crossing for local, toric Calabi-Yau manifolds without 
compact four-cycles. We reformulate it in the free fermion framework and find the corre- 
3 This statement has been proved also by mathematicians in |15| . 
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sponding crystal melting picture, as anticipated in section 11.11 Unless otherwise stated, 
we use notation and conventions introduced in section [2J 

There are two classes of local, toric Calabi-Yau manifolds without compact four-cycles. 
The first class corresponds to manifolds whose toric diagram is given by the so-called 
triangulation of a strip. The second class consists just of the closed topological vertex and 
its flop, which do not arise from a triangulation of a strip. Nonetheless the case of the 
closed topological vertex is closely related to one particular manifold from the first class. 
For this reason we focus now mainly on the first class of manifolds, and discuss the closed 
topological vertex later on in section 14.61 

3.1 Triangulations and associated operators 

To reformulate wall-crossing in the fermionic language we associate first several opera- 
tors to a given local, toric manifold which arises from a triangulation of a strip. 

We recall first that such manifolds arise from a triangulation, into triangles of area 1/2, 
of a long rectangle or a strip of height 1. A toric diagram arises as a dual graph to such 
a triangulation. Each P 1 in a Calabi-Yau geometry, represented by a finite interval in a 
toric diagram, corresponds to an inner line in a strip triangulation. From each vertex in a 
toric diagram emanates one semi-infinite vertical line, which crosses either the upper or the 
lower edge of the strip. Two such consecutive lines can emanate either in the same or in 
the opposite direction, respectively when they are the endpoints of an interval representing 
P 1 with local 0(-2) © O or O(-l) © 0(-l) neighborhood. 

We introduce the following notation. We number independent P^s from 1 to N, starting 
from the left end of the strip, and denote their Kahler parameters by Qi = e~ Ti , i = 
1, . . . , N. We also number, starting from the left, all vertices in a toric diagram, and 
associate to each vertex its type tj = ±1, in the following wajfl: if the local neighborhood 
of P 1 , represented by an interval between vertices i and i+ 1, is 0{— 2) © O, then ti+i = 
if this neighborhood is of 0(— 1) ffi O(-l) type, then ti+i = — 1%. The type of the first 
vertex could be chosen arbitrarily, but to fix attention we set t\ = +1. We also recall that 
the instanton part of the closed topological string partition function for such geometries 
reads |27] 

Zto P (Qi)=M(l,q) E ^l[ H (l-q l (Q i Q i+1 ---Q j ^Y) (29) 

1=1 l<i<j<N+l 

In the same way the type A or B was associated to vertices in a triangulation of a strip in |27j . 
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Figure 4: Toric Calabi- Yau manifolds represented by a triangulation of a strip. 
There are N independent P 1 's with Kahler parameters Qi = e~ Ti , and N + 1 
vertices to which we associate V and V operators represented respectively by © 
and signs. Yellow intervals, which connect vertices with opposite signs, rep- 
resent 0(— 1) © 0{— 1) — > P 1 local neighborhoods. Red intervals, which connect 
vertices with the same signs, represent 0(—2) © O — > P 1 local neighborhoods. 
The first vertex on the left is chosen to be ©. 

Below we introduce several operators which are the main building blocks of the 
fermionic and crystal construction. Their structure is encoded in the toric diagram of 
the manifold described above. These operators are given by a string of iV + 1 vertex op- 
erators T%{x) (introduced in (TTT]) ) which we associate to the vertices of the toric diagram, 
and determine their type by the type of these vertices U such that 

T t r +1 (x) = T ± (x), T t r-\x) = T' ± (x). 

Moreover this string of T±(x) operators is interlaced with iV + 1 operators Qi representing 
colors qi, for i = 0, 1, . . . , N. Operators Qi, . . . , Qn are associated to P 1 in the toric 
diagram, and there is an additional Qo- We also define 

Q = QoQi ■ ■ • Qn, q = qoqi---qN- (30) 

To sum up, the upper indices of T l ±(x) and a choice of colors of the operators which we 
introduce below are specified by the data of the toric manifold under consideration. The 
lower indices ± will be related to the wall-crossing chamber we will be interested in. 
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Now we can introduce the operators of interest. The first two are defined as 

A ± {x) = T%(x)Qilt{x)Q 2 ■ ■■rf(x)Q N T t ^ 1 (x)Q Q . (31) 
Commuting all Q^s to the left or right using (T2~Tj) we also introduce related operators 

a + (x) = q-'Mx) = r$( gg )rj(^)r;!(-gg-) ■■■r^ 1 ( xq ), (32) 

qi qiq2 qiq2---qN 

A_{x) = A^Q- 1 = r t l{x)r^{xq 1 )T^{xq 1 q 2 )---r^ +1 {xq 1 q 2 q N ). (33) 
Secondly, we define operators which we will refer to as the wall-crossing operators 
W p (x) = (r^Q^^--^ (34) 

W'Jx) = (r^Q^ix)^ ■ ■■r t Ux)Q P ] (r^ +1 (x)Q p+1 ■ ■■r t f(x)Q N r t » +1 {x)Q Q ) (35) 



The order of T and T' is the same as for A± operators; the only difference is that now there 
are subscripts =)= on first p operators and ± on the remaining ones. 

In what follows we also use the following auxiliary operators, defined for fixed p (cor- 
responding to fixed p'th P 1 in the toric geometry): 

7 i(aO = r5H^p)r^(^)...ri( — ^ — ), 

<?i q\q2 qiq2---q P -i 

jI(x) = r t r(^^)---r^( xq ), 

QiQ2---q P qm---qN 
7 i(x) = r t l(x)r t I(xq 1 )T t I(xq 1 q 2 )---r t I(xq 1 q 2 ---q p - 1 ), 

7^(x) = r*f +1 {xq x q 2 • ■ ■ q p ) • • ■ T^ +1 {xq x q 2 •■■q N ). 
With these definitions we can simply write 

W p (x) = 7 i(x) 7 ^/g)Q, W' p (x) = -yl(x/q)yi(x)Q. (36) 



Moreover A± defined in fl32l) and fl33|) can be written (for any p £ 1, N) as 

A±(x) = 7i(x)7i(x). (37) 

When the argument of any of these operators is x — 1, we will often use a simplified 
notation in which this argument is skipped, i.e. 

A ± = A ± (1), A ± = A ± (1), W P = W P {1), W' p = W' p (l). 
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3.2 Quantization of geometry 

In the previous section we considered a toric manifold specified by a triangulation of a 
strip, and encoded its structure in operators A±, which are specified by a sequence of T 
and T'. We can actually do more and represent each such manifold by two states in the 
Hilbert space of a free fermion H 

lOt) e u. 

We define these states as 

(0+1 = (0\...A4l)A + (l)A + (l) = (0\...A4q 2 )A4q)A + (l), (38) 
|n_> = A4l)Z4l)A_(l)...|0) = A_(l)A4g)A_(g 2 )...|0). (39) 

To define these states we used only the classical data of the toric manifold, which is 
encoded in operators Nonetheless they carry information about the full instanton 

part of the topological string amplitudes, to all orders in string coupling. Our first claim 
is that the overlap of these states 

Z=(fi+|fi_), (40) 

is equal to the BPS partition function Z in the chamber corresponding to the non- 
commutative Donaldson-Thomas invariants 

Z = Z = \Z t0 p\ 2 = Z t0 p(Qi)Z t0 p(Q i 1 ), (41) 

with Z top {Qi) given in (129]) . and under the following identification between q^ parameters 
which enter a definition of |fi±) and string parameters Qi = e~ Tl and q s = e~ 9a : 

Qi = {tit i+ i)Qi, q s = q = q qi •■■q N . (42) 

The proof of the statement (141 j) is given in section 15.11 

We note that the states \ fl±) are different than the states \V) which one can associate 
to the same geometry in the B-model picture of [21| . They have also different properties. 
In particular, in the framework of [21] the expression of the form (V|V) = Z[ would 
represent the topological string partition function of the manifold obtained from gluing 
two copies of a given manifold to each other. In our case the overlap f )4Up gives the square 
of the topological string partition function of the manifold itself. We also stress that the 
states \V) are suitable for the large radius limit point in the moduli space, whereas |f2±) are 
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naturally associated with the non-commutative Donaldson-Thomas chamber. Nonetheless, 
similarly as for the states \ V), it is tempting to think of the states as providing some 
wave- function interpretation of the underlying classical manifolds, in the spirit of [T9| 120] . 

The states \tt±) relate to the topological string partition function and characterize an 
extremal chamber in which non-commutative Donaldson-Thomas invariants are defined. 
There is another extremal case corresponding to the chamber with a single D6-brane with 
no bound states, so that BPS partition function reads 

2 = 1. 

In our formalism in this chamber this partition function can be understood simply as 

Z = <0|0) = 1, (43) 

and clearly Z = Z. This suggests associating the vacuum state |0) to the manifold. We 
will see shortly that this association makes sense also in multitude of other chambers. 

3.3 Wall-crossing operators 

In the previous section we realized BPS partition functions in two extreme chambers 
as fermionic correlators. Now we show that BPS generating functions can be realized as 
fermionic correlators also in various other chambers. 

As discussed in section 12.11 only those bound states of DO, D2 or anti-D2-branes with 
D6-brane can exist for which the central charge (J4J) is positive 

Z(R,B) = -{ n + p-B) >0. 
R 

The fermionic correlators we are after must therefore contain an information about the 
moduli R and B. Our first claim is that the information about R is encoded in the ground 
state which represents a manifold. This ground state depends only on the sign of R and 
should be chosen as follows 

R>0 — >■ |0±), R<0 — >■ |0). (44) 

This choice is of course consistent with ( 14U|) and (I43p . 

Our second claim is that crossing the wall of marginal stability corresponds to the inser- 
tion of operators W p or W' p defined in (134")) and (135|) . For this reason we call these operators 
the wall-crossing operators. Insertion of these operators contains information about the 
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amount of the 5-field turned on. In this paper we analyze chambers corresponding to an 
arbitrary flux of the i?-field through only one, but arbitrary P 1 in the manifold. We fix 
the number of this P 1 as p, see figure HI We claim that insertion of n copies of operators 
W p or W' p creates respectively n positive or negative quanta of the flux through p'th P 1 . 
Therefore, depending on the signs of R and B, we have in total four possible situations 
which we consider separately below. Proofs of all statements in these four situations are 



given in section 15.21 

Chambers with R < 0, B > 

Consider a chamber characterized by positive R and positive 5-field through p'th two- 
cycle 

R<0, Be]n-l,n[ for 1 < n e Z. 

The BPS partition function in this chamber contains only those factors which include Q p 
and it reads 

re— 1 p N+l 

mill k-QA^-Qr-, 

i=l s=lr=p+l ^Cs^s+l >*6r 1 

On the other hand we can compute the expectation value of n wall-crossing operators 



q % s \ —trt a i 



W p . We find that 



re-l p N+l . _ utJ 



z n \ P = (o\(w P r\o) = n n n f 1 - q — n y r sl - ^ 

i=l s=l r=p+l 

The proof of this equality is given is section 15.21 

Therefore, under the following change of variables 

Qp = (t p t p+ i)q p q^, Qi = (tit i+1 )qi for % ^ p, q s = -. (46) 

the correlator (j43|) reproduces the BPS partition function 

Z n \ p = Z n \ p . (47) 

An insertion of W p has an interpretation of turning on a positive quantum of 5-field, 
and the redefinition of Q p can be interpreted as effectively enlarging Kahler parameter T p 
by one unit of g s . In fact the minimal number of insertions is n = 1. Because in W p all r + 
operators are to the right of r_, an insertion of one operator does not have any effect, so 

Zi\ P = (0|F P |0) = (0|0) = 1, 
still represents a chamber with a single D6-brane and no other branes bound to it. 
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Chambers with R > 0, B > 

In the second case we consider the positive value of R and the positive flux through 
p'th P 1 

R>0, Be]n,n + 1[ for < n e Z. 

Denote the BPS partition function in this chamber by Z n \ p . 

We find that the expectation value of n wall-crossing operators W p in the background 
of \Q) has the form 

Z n{p = (n + \(W p r\n-) = M^qf^Z^Z^Z^ (48) 

where Z^) does not contain any factors (g s • ■ ■ g r _i) ±1 which would include q p , while 
Z^l contains all factors q s - ■ ■ q r -\ which do include q p , and Z^) contains all factors 
(q s ■ ■ ■ g r _i) _1 which also include q p . 



oo I —t t I 

Z nl = W II q ) ^ (l-(t r t s )q l q s q s+l ---q r 

'=1 p£s,r+l(Zl,N+l 

oo _ , 

z s = n n (i-(M,)^ +n ^+i---gr-i 

i=l pes,r+lCl,iV+l 



1 



00 ✓ „l—n \ —t t I 

r(2) TT TT (-if.. \ g X r " 



*s = n n (i-ca); 



QsQs+l ' ' ' Qr-l 

Clearly the change of variables 

Q P = (t p t p+1 )q p q^, Qi = (tit i+1 )qi for i ^ p, q s = q (49) 

reproduces the BPS partition function 

Z n \p = Z n \p. (50) 



When no wall-crossing operator is inserted the change of variables reduces to f f42|) and we 
get the non-commutative Donaldson-Thomas partition function (l4~Tj) . Z \ p = Z. 
The proof of (T4"8"j) and in consequence (l5"0"j) is given in section 15.21 

Chambers with R < 0, £? < 

Now we consider negative R and negative 5-field 

R < 0, B e] - n - 1, -n[ for < n e Z. 



22 



For such a chamber the BPS partition function reads 

n p JV+1 , . . 

z ni P = nn II rsl - 

j=l s=l r=p+l 

Now we find the the expectation value of n wall-crossing operators W p is equal to 

n v N+i _ t t . 

^ b = (oi(w;rio) = nn n (i-(M0? n -vz»?»+i---?r-i) rs . m 

i=l s=l r=p+l 

This equality is proved in section 15.21 Therefore, under a change of variables 

Q P = {tpt p+ i)q P q~ n , Qi = {tit i+1 )qi for i ^ p, q s = -, (52) 

q 

this reproduces the BPS partition function 

Z'n\ P — Z'n\p- (53) 

Now an insertion of W p has an interpretation of turning on a negative quantum of 
I?-field, and the redefinition of Q p can be interpreted as effectively reducing t p by one unit 
of g s . As we already discussed, 

z' olp = (0|0) = 1 

represents a chamber with a single D6-brane and no other branes bound to it. Contrary 
to the case with B > 0, an insertion of a single W' p has a non-trivial effect. 

Chambers with R > 0, B < 

In the last case we consider positive R and negative B 

R>0, 0>Be]-n r n + l[ for 1 < n G Z. 

We denote the BPS partition function in this chamber by Z' n ^ p . 

We find that the expectation value of n operators W p in the background of |fi±) has 
the form 

Z' n \ p = (n + \(W' p y n \n-) = M(l, q) N+1 Z'X Z%1 Z'^ (54) 

where Z 1 ^ does not contain any factors (q s ■ ■ ■ qr-i)^ which would include q p , Z'^P contains 
all factors q s ■ ■ ■ g r _i which do include q p , and Z'^\ p contains all factors (g s • • • g r _i) _1 which 
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also include 



Z 'S = II II q (l-(t r t s )q l q s q s+l ...q r ^) 

'=1 pgs,r+lCl,JV+l 

oo —ttl 

Z Sp = II II ^-{trts)q l - n q s qs + i---qr-i)' r \ 

l=n pGs,r+lCl,JV+l 

''(2) TT TT ft u + \ q 



= n n 1 -(« 



, . — ?s9s+l ' ■ ■ 5r-l 

1=1 pSs,r+lCl,JV+l 

Clearly the change of variables 

<5p = {tptp+^qpq' 71 " 1 , Qi = for i 7^ p, g s = g. (55) 
reproduces the BPS partition function 

K\p = Z 'n\V ( 56 ) 



We note that both Z[, with the above change of variables, as well as Z \ p given in 
with a different change of variables in (I49j) . lead to the same BPS generating function Z 
which corresponds to the non-commutative Donaldson-Thomas invariants. 

The proof of (}54"j) and in consequence (156|) is given in section 15.21 

3.4 Crystal melting interpretation 

So far we have found a representation of D6-D2-D0 generating functions as correlators 
in the free fermion theory. In this section we discuss crystal melting interpretation of these 
correlators, and explain how to associate crystal models to local, toric manifolds without 
compact four-cycles, based on the results described above. Our point of view generalizes 
crystal models found previously, such as plane partitions for C 3 crystal summarized briefly 
in section 12.31 or pyramid partitions for the conifold crystal from section 12. 4[ and provides 
an interesting unifying perspective. Furthermore we discuss evolution of crystals upon 
changing the moduli of the theory. 

Moreover, for the class of manifolds which we consider in this paper, we claim that our 
crystals are equivalent to colored crystals introduced in [28] in terms of quiver diagrams 
and relation to dimers. The construction of crystals explained in this section and their 
evolution upon wall-crossing is illustrated in several examples in section HI 
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Construction of crystals 

Our crystal interpretation is inherently related to the form of fermionic correlators 
which we found in sections 13.21 and 13.31 All these correlators are constructed from opera- 
tors A±, W p and W p , which involve only vertex operators T± and r± with argument 1 and 
color operators Qi. According to the relations (lT2"j) and (ITS]) , insertion of these vertex oper- 
ators can be interpreted as insertion of two-dimensional partitions satisfying interlacing, or 
transposed interlacing conditions. This corresponds to constructing the three-dimensional 
crystal from two-dimensional slices. A relative position of the neighboring slices is deter- 
mined by which vertex operator they are created. Additional insertions of color operators 
have an interpretation of coloring the crystal. Because in all operators which we consider 
in this paper the colors Qi appear in the same order, these colors are always repeated 
periodically in the full correlators, and in consequence our crystals are made of interlacing 
periodically colored slices. 

All the information about the crystal, including its shape, coloring and interlacing 
pattern, can be encoded in a simple graphical form. To do this we associate various arrows 
to the vertex operators. This assignment is shown in figure [5l The arrows are always drawn 
from left to right, or up to down (a direction of drawing is independent of the orientation 
of the arrow). Then we translate a sequence of vertex operators which appear in a given 
correlator into a sequence of corresponding arrows, and draw them such that the end of 
one arrow becomes the end of the next one. We also keep track of the coloring by drawing 
at the endpoint of each arrow a (dashed) line, rotated by 45°, colored according to Qi 
which we come across. These lines represent two-dimensional slices in appropriate colors. 

r + r; r_ r: 

t <- + 

Figure 5: Assignment of arrows. 



The zig-zag path which arises from the above prescription represents the shape of the 
crystal, as seen from the top. In particular, the corners of two-dimensional partitions arising 
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from slicing of the crystal are located at the end-points of the arrows. The orientation 
of arrows represents the interlacing condition (i.e. arrows point from a larger to smaller 
partition), and therefore it indicates a direction in which the crystal grows. The interlacing 
pattern between two consecutive slices corresponds to the types of two consecutive arrows. 
Finally, the points from which two arrows point outwards represent those stones in the 
crystal, which can be removed from the initial, full crystal configuration. In fermionic 
correlators these points correspond to r+ followed by T l l operators. All these statements 
are easy to check in the examples presented in section HI 

Evolution of crystals 

It is also interesting to analyze the evolution of crystals upon crossing walls of marginal 
stability. We stress that by a fixed crystal we understand a set of all admissible configu- 
rations of its constituents (such as e.g. plane partitions) which fit into a fixed container 
(such as the positive octant of C 3 ). The term evolution refers to the evolution of a shape of 
this underlying container, upon which the set of admissible crystal configurations of course 
changes too. Such an evolution arises from changing values of moduli, so that the values 
of the central charge fll]) 

Z(R,B) = ±(l + B-/3) 

also change. 

We consider first increasing or decreasing S-field through a fixed p'th P 1 . We focus 
first on the noncommutative Donaldson-Thomas chamber with the BPS partition functions 
given by (HUj) 

Z= = (0| . . .A + A + A + \AJAJA |0). 

As all A± operators are built from Y% vertex operators, the crystal for this chamber is 
built in increasing direction following the string of A+. 's, and then in decreasing direction 
following the string of A_'s. There is only one point from which two arrows point outwards, 
or equivalently T + is followed by T_: this is just the point when A + turns into A_ in the 
above correlator. Therefore for each manifold in this extreme chamber the crystal has only 
one corner which can be removed from the initial, fully filled crystal configuration. 

Moving to other chambers corresponds to changing the i?-field and inserting wall- 
operators, and therefore the structure of the crystal gets deformed. As explained in section 
I3.1[ the wall-crossing operators ( 134)) and (135|) consist of a string of r+'s followed by a string 
of , or vice versa. Therefore insertion of each such wall-crossing operator introduces one 
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additional corner of the crystal. One exemption from this rule arises when W p is inserted 
into the extreme correlator (1401) : then the single vertex from the extreme configuration is 
replaced by a new single vertex encoded in W p . 

One can also start from the other extreme chamber corresponding to a single D6-brane 
fl4"5j) . Turning on the 5-field also modifies the crystal. An insertion of the first W p operator 
has no effect, as it has all r+ to the right of T^_. Therefore a chamber characterized by 
an insertion of (W p ) n+1 corresponds to a crystal with n corners. Similarly, a chamber 
characterized by an insertion of {W' p ) n corresponds to a crystal with n corners. 

We can also consider changing the sign of the 5-field. This corresponds to changing 
the counting of M2-branes into counting of the anti-M2-branes. At least for the conifold, 
this can also be interpreted as a flop transition. To change a sign one has to remove all 
W p operators, cross the extreme chamber, and then start adding W, p operators (or vice 
versa). From the assignment of arrows in figure Owe observe that changing a type of wall- 
crossing operator corresponds to a perpendicular change of the direction in which crystal 
is expanding. Such a crystal interpretation of the flop transition in the conifold case will 
be discussed in section 14.41 

Finally one can consider changing a sign of R. This corresponds to changing the 
ground state representing the manifold according to (jUJ). For R > the ground state is 
represented by |f2±) which includes of infinite number of A± operators, and therefore the 
crystal extends infinitely in both associated directions. When R changes its sign to negative 
values the ground state gets replaced by |0), and crystal becomes finite in both associated 
directions, with the size specified by the number of wall-crossing operators inserted. This 
dramatic change of size of the crystal provides an interpretation of the so-called DT/PT 
transition [U [12]. Moreover, in some cases, such as the conifold discussed in sections 12.41 
and 14. 'S\ the whole crystal is finite for R < 0. However the crystal can also extend infinitely 
in the third dimension, as is the case for orbifold of C 3 discussed in section 14.21 

The above discussion focused on W p and W p operators. It should be possible to 
generalize them to account for all possible chambers, i.e. construct operators which would 
represent arbitrary 5-fields through arbitrary set of P^s, not just one fixed P 1 . Examples 
of such more general operators will be discussed in section 14.51 In those more general cases 
the evolution of crystals is of course more complicated. 
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4 Examples 



In this section we illustrate the results presented in section [3] in several instructive 
examples, which include orbifolds of C 3 , resolved conifold and triple-P 1 geometry. We 
discuss a crystal interpretation of the flop transition for the conifold. Finally we find a 
crystal description of the part of the chamber space of the closed topological vertex, taking 
advantage of its relation to the triple-P 1 geometry and physical viewpoint from section 12.11 

4.1 Revisiting C 3 

To start with we reconsider the simplest case of C 3 crystal and explain how it fits 
into the prescription from section [21 For C 3 a triangulation of a strip consists just of one 
triangle of area 1/2, see figure (left). Therefore there is just one vertex and only one 
color Qo = Q. The operators f l3Tj) take the form 

a ± = r±(i)Q, 

and there are no wall-crossing operators. Therefore the BPS partition function (HU1) takes 
exactly the form (|23|) and we find that the BPS generating function is given by the MacMa- 
hon function. 

To reconstruct the crystal we associate arrows to A± operators according to figure [5j 
and draw them in the order which follows the order of vertex operators in (H0|) . The 
crystal which we obtain is shown in figure [6] (right). We indeed reproduce plane partitions 
from section I2.3[ which in our picture are seen from the other side than in the more often 
encountered figure [TJ 

Even though there are no wall-crossing operators in this case, there is the other extreme 
chamber with a single D6-brane, for which the generating function is given by (l43j) . 

4.2 Orbifolds C*/Z N+1 

We apply now the prescription from section[3]to the case of (the resolution of) C 3 /Ztv+i 
orbifold. The toric diagram looks like a big triangle of area (N + l)/2. There are N 
independent P^s, as well as N + 1 vertices of the same U = +1 type, see figure [7] (left). 
Therefore operators in (l3Tj) take the form 

Ji± = r ± (i)Q 1 r ± (i)g 2 . . . r ± (i)g Jv r ± (i)Q . 
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Figure 6: Toric diagram for C 3 (upper left) consists of one triangle and has one 
© vertex. Therefore A± operators involve just single T±, which are represented 
by arrows (lower left) according to figure^ The correlator [23) is translated 
into a sequence of arrows, with rotated dashed lines representing insertions of 
interlacing two-dimensional partitions. The resulting figure (right) represents 
MacMahon crystal for plane partitions from figure^ seen from the bottom (first 
three layers are shown; it is assumed that each stone in layer m + 1 is blocked 
by only one stone located immediately above it in layer m). 



Thus, in the non-commutative Donaldson-Thomas chamber, the corresponding crystal 
consists of plane partitions just as in figure EJ however now with periodically colored slices 
in N + 1 colors. The non- commutative Donaldson-Thomas partition function is given by 
(l40p . This reproduces the results for C 3 /Ztv+i orbifolds from |13| . 

We can also analyze wall-crossing related to turning on arbitrary 5-field through a 
fixed P 1 . Translating the wall-crossing operators (I34|) and (135]) into arrows following figure 
we obtain crystals in modified containers, as shown in the example in figure [7] (middle). 
Enlarging the i?-field by one unit, which corresponds to an insertion of one wall-operator 
W p , adds one more yellow corner to the crystal. Applying wall-crossing operators W p 
would result in a crystal which develops red corners. 

We also immediately find crystals corresponding to R < 0. As usual the crystal is empty 
in the extreme chamber with a single D6-brane (1431) . Adding wall-crossing operators results 
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Figure 7: Toric diagram for the resolution of C 3 /Zjy +1 geometry has N + 1 
vertices of the same type ©; this figure shows the case N = 1. Left: toric 
diagram and translation of A + and W\ into arrows. In the non- commutative 
Donaldson- Thomas chamber this leads to the same plane partition crystal as in 
figure® however colored now in yellow and red. Middle: for the chamber with 
positive R and 2 < B < 3 the crystal develops two additional corners and its 
partition function is given by Z2\\ = (Q+\(Wi) 2 \Q-) . Right: for negative R and 
positive n — 1 < B < n the crystal is finite along two axes (albeit still infinite 
along the third axis perpendicular to the picture) and develops n — 1 yellow 
corners; its generating function for the case of n = 5 shown in the picture 
reads Z§\\ = (0|(Wi) 5 |0) (two external arrows, corresponding to T_ acting on 
(0| and r + acting on \0), are suppressed.) 



in a crystal which develops corners, as shown in figure [7] (right). This crystal is finite along 
two axes. Nonetheless, because W p and w' p consist only of r± operators (and no r'_j_ are 
involved), it can grow infinitely along the third axis. 

4.3 Resolved conifold 

We reviewed wall-crossing for the conifold in section |2~^1 We show now that analyzing it 
from a perspective of section |3] provides a new proof of some statements posed in literature 
and extends them to a wide class of manifolds. 

The toric diagram for the conifold is shown in figure |8] (left). There is of course just 
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Figure 8: Left: toric diagram for the conifold and translation of A + and W\ 
operators into arrows. Right: for chambers with negative R and positive n — 1 < 
B < n the crystals are given by finite pyramid partitions with n—1 additional 
corners developed, represented by n—1 stones in the top row. The corresponding 
partition function is given by Z n \\ = (0|(Wi) n |0) which reproduces the result 
reviewed in section pT^} This figure shows the case n = 4 (again two 
external arrows representing (0|T_ and r' + |0) are suppressed). 



N = 1 P 1 , and two colors Q\ and Qq, so that 

Q = QiQo, q = qiqo- 

The operators (13 ip take form 

A ± (x) = r^xfaV^Qo, 

while dS2D and (J33J) read 

A+(x) = r + {xq)T' + (xq/ qi ), A_{x) = V _{x)T'_{x qi ) , 

and satisfy 

a f \ a n ( 1 + x yq/qi)( 1 + x yqqi) A , s A , ^ 

A + {x)A_{y) = (1 _ xyq)2 A-{y)A+(x). 
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The quantum geometry is encoded in quantum states (I3"8"j) and (I39p 

|0_> = A4l)A4q)A4q 2 )...\0), 
(n+| = (0\...A + (q 2 )A + (q)A + (l) 

and the wall-insertion operators f l3"4"|) ( I3"5"j) are 

TF^x) = r_(a;)g 1 r / + (x)go, 



(57) 
(58) 

(59) 
(60) 




Figure 9: Conifold crystal in the chamber with positive R and 2 < B < 3 takes 
form of pyramid partitions with 3 stones in the top row. Its generating function 
is given by Z 2 \i = (0 + |(Wi) 2 |0_). 



From our results in section ([3]) we immediately find that the fermionic correlators 

Z n]1 = (ft+KW^Ift.), (61) 

z n{1 = (oKW.no). (62) 

result in the pyramid partition functions (j26!) and (p8|) reviewed in section 12.41 With no 
wall-crossing operators inserted the above partition functions give respectively Szendroi's 
result Zq\i = (Q + \Q-) and pure D6-brane Z — (0|0) = 1. 

The above correlators have crystal interpretation shown respectively in figures [9] and [8] 
(right). These are of course the same pyramid partitions that appeared in earlier literature, 
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see figures [2] and [3J Moreover, insertion of the companion W 1 operators leads to pyramids 
that extend in perpendicular directions, as we will discuss in the next section. 



In particu 
posed in [8 



LU 

E 



ar, in our formalism we can automatically provide a new proof of a conjecture 
which states that BPS partition functions in chambers separated by finite 
numbers of walls from the pure D6-brane region are given by generating functions of finite 
pyramids. This fact is just a consequence of the existence of the fermionic representation 
( 162]) : on one hand we already discussed that this fermionic representation reproduces 
appropriate generating functions (128]) . On the other hand this representation provides 
a crystal construction encoded in the arrow structure, as we explained in section 13.41 
Contrary to C 3 /Z Ar+1 cases, now the crystal pyramids are finite in all three directions, as 
shown in figure [8] (right). This is so, because now the wall-operators operators (160]) involve 
both T and T' operators, which insert interlacing two-dimensional partitions that extend in 
opposite directions and effectively block each other beyond the length given by the number 
of inserted W-Vs. 



4.4 Flop transition 

In section 13.41 we discussed evolution of crystals upon changing the moduli R and B. 
It is in particular interesting to focus on the case when the 5-field which changes the sign. 
According to the interpretation reviewed in section 12.11 this corresponds to the counting of 
anti-M2-branes instead of M2-branes. However, in case of the conifold such a process can 
be identified with the flop transition. 

The crystal interpretation of the flop transition is shown in figure (TUJ The crystal rep- 
resenting a chamber separated by n walls of marginal stability from the non-commutative 
Donaldson-Thomas chamber, with Kahler parameter 

Qi = -?i<£ (63) 

and the partition function Z n \i = (Q + \(Wi) n \Q_) , is shown in upper left. The non- 
commutative Donaldson-Thomas chamber (right) is equivalently represented by Zq\i = 
= Z (with yellow stone on top and a change of variables Qi = —q\ in fj4^|) ). and 
ZL-y = {Q. + \W']\VL-) = Z (with red stone on top and a change of variables Q\ = —qiq^ 1 in 

J This has been proved by other means by mathematicians in |15) . where also the geometrical meaning 
of the quivers constructed in [S] was clarified. We note that our approach shows how to generalize the 
notion of finite pyramids to the wide class of manifolds considered in this paper. 
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(133]) ). Further insertions of W[ operators (lower left) extend the crystal in perpendicular 
direction, with the Kahler parameter identified as 

Qi = (64) 
Q 

and the partition function given by Z' n ^ = (il + \(W 1 ) n |0_) . Note that changes of variables 
in (163|) and (164"]) can be interpreted respectively as increasing and decreasing the Kahler 
parameter of the singular conifold T\ — — logQi by n units of (—g s ) = \ogq s . 

Similar picture holds for finite pyramids in chambers with R < 0, albeit in this case 
the singularity is represented by the empty pyramid. 




Figure 10: Flop transition of the conifold. Right: there are two equivalent rep- 
resentations of the non- commutative Donaldson-Thomas chamber, with yellow 
or red stone on top and changes of variables given respectively by ( f^P| ) and 153]) . 
Upper and lower left: extension of the pyramid crystal in opposite directions 
for positive and negative B -field, represented respectively by insertions of W\ 
and W'i operators. 
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4.5 Triple-P 1 geometry and more general wall-operators 

We discuss now the triple-P 1 geometry whose toric diagram is shown in figure ITT1 (left). 
While this appears to be an obvious generalization of our previous examples, there are two 
important reasons to consider this case. Firstly, for this geometry (or any other geometry 
with longer but analogous toric diagram) a simple geometric intuition allows to introduce 
more general wall-crossing operators (related to turning on non-trivial B-field through all 
three P l! s). Secondly, this case is related to the closed topological vertex geometry, which 
we will discuss in the next section. 

We labels the three independent P^s in this geometry by B, C, A, denote by Tg, Tc, T A 
their Kahler parameters, and introduce 

Qa = e~ TA , Q B = e~ TB , Q c = e~ Tc . 

The topological string partition function for this geometry reads 

7 tri P ie (n n n x »w x 2 M (QaQc, q s )M(Q B Qc, q s ) . 

z tJ {Qa,Qb,Qc) = M(q 8 ) — — — — — — — — - r. (65) 



All non-zero Gopakumar-Vafa invariants for this geometry are of genus 0, and in class /3 
they read 

N/3=o = —4, N{3 = ± A = Np = ±s = Np=±c = N/3 = ±( A+B+C ) = 1, 

N/3=±(B+C) = N/3 = ±( A+C ) = — 1. 

Let us specialize now the general structures from section [3] to the present case. We 
introduce four colors q g , for g G {b, c, a,0} (instead of qi,q2,Q3,Qo used earlier). We also 
often use 

Q = QaQbQcQo, q = qoq a qbq c , 

and to check some results against the ones for the resolved conifold also consider special- 
ization 

qo = q c , qi = q a = qb- (66) 

Operators (13"2|) and take the form0 



A + (x) = T + (xq q a q b q c )T'(xq q a q c )T + (xq q a )T'Jxq 



0j 



6 In this section we change a notation slightly: we label three P^s by B,C,A instead of 1,2,3 used in 

section [21 and denote corresponding fermionic parameters respectively by b,c,a. 

7 The operators A±, as well as the computation of (|70p . appeared in [T3] in the context of the closed 
topological vertex geometry. We discuss relations between both these geometries further in section [ 
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Figure 11: Toric diagram for the triple-F 1 geometry (left) and the correspond- 
ing four-colored pyramid crystal in the non- commutative Donaldson-Thomas 
chamber (we use here subscripts b,c,a to denote various P 1 's instead of 1,2,3 
used earlier). 



and 



A-(x) = T _(x)T'_(xq b )T _(xq b q c )T'_(xq a q b q c ) 



and the commutation relation (UOOp specialize in this case to 



A + (x)A„(y) = A_{y)A + (x)x 



(67) 



2 

(1 + xyqq b ){\ + xyf b )(l + xyqq c )(l + xyfj(l + xyqq a ){l + xy±)(l + xyq )(l + xy^) 
(1 - xyq) A (l - xyqq b q c )(l - xy^-J(l - xyqq a q c )(l - xy^-J 
The ground states (I3"8"j) and ( I3"9"j) are 



Operators A±, as well as W b , W c , W a , are translated in figure [T21 into the arrow form rele- 
vant to the construction of the crystals. We note that in the non-commutative Donaldson- 
Thomas chamber for R > 0, the crystal has the same shape as the pyramid crystal for the 
conifold with one stone on top, however now it has four colors, see figure [TT] (right). Its 
partition function in our framework can be found as (notation f[2"2"j) is used) 



A_(l)A4q)A4q 2 )...\0), 
(0\...A + (q 2 )A + (q)A + (l). 



(68) 
(69) 



z tri P le = =M(l,g) 4 ^ 



M(q b q c ,q)M(q a q c ,q) 



(70) 



M(-q a , q)M(-q b , q)M(-q c , q)M(-q a q b q c , q) 
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This follows from general results in section [31 and of course can also be found directly^ 
using commutation relations (l67p . Comparing with f!65p . we indeed find that 

Zf" iple (q a ,q b: q c ) = Z l ^ le p {QaiQb.Qc)^ 1 ^ P (Q a x , Q B l , Q c x ) 

under the following identification of parameters 

Qs = q, Qa = -q a , Qb = -96, Qc = -q c - 

As usual the extreme chamber with R < is represented by the empty pyramid with 
the generating function 

^triple = <Q|0> = 1. 







/ / 
/ / 


/ / 

V =-*+% 




- 

W - ▼ 

/ 


/ 
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Figure 12: Building block of triple-F 1 crystals. Operators A± and Wb, W c , W a 
are the standard ones introduced in section^ Operators W and V are new ones, 
which change values of B -fields through all P 1 's simultaneously and implement 
extensions of the top row of the pyramid crystal similarly as in the conifold 
case. 



We introduce now new types of crystals which extend our prescription from section 
[31 and associated to them new wall-crossing operators. As we already saw, in the non- 
commutative Donaldson-Thomas chamber the crystal with generating function (17U|) con- 
sists of pyramid partitions of the same type as in the conifold, however with four colors. 
It is reasonable to conjecture that analogous infinite or finite four-colored pyramids, albeit 
(similarly as in the conifold case) with a string of arbitrary number of stones in the top 
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row, should also provide BPS generating functions in certain chambers. Below we find 
generating functions of such crystals and show that they indeed reproduce BPS generat- 
ing functions in chambers with particular choices of 5-field through all three P^s upon a 
simple change of variables. 

It is clear from the figure [T21 that neither the wall-crossing operators Wb, W c , W a 
which arise from our prescription for the triple-P 1 geometry, nor their primed counterparts 
considered so far, could be used to construct pyramid of arbitrary length, such as shown 
in figure [13j Therefore we have to introduce new types of operators. To preserve periodic 
four-colored pattern they should involve four vertex operators interlaced with Q g operators, 
and their pattern should follow from the assignment presented in figure Because there 
are four colors, the cases with even or odd stones in the top row are different. An inspection 
of figure |5] leads us to define the following operators 

v = r_(i)Q 6 r;(i)Q c r_(i)Q a r'_(i)Q , 

W = r_(i)g 6 r / + (i)g c r_(i)g a r / + (i)g . (7i) 

Their translation to the arrow structure is shown in figure [12] (first row on the right). 

Insertion of these operators extends the top row respectively by one or two stones. 
For arbitrary number of stones in the top row we should insert several operators W and 
possibly also a single V. Let Z^ tple denote a generating function for a four-colored infinite 
pyramid with n stones in the top row, and Z l ™ ple a generating function for four-colored 
finite pyramid with n — 1 stones in the top row. Therefore the generating functions in the 
infinite case read 

z f 2 r j le = (n + \w n ~ 1 v\Q-), 

47+i = (^ + F>_>. (72) 

In particular Z^ ipe = (fi + |V|fi_) and z^ tple = (Q + \W\Q + ). For the finite case 

zt: ple = <o|w», 

zlZi = <o|W"r_(i)|o>. (73) 

We compute now these partition functions explicitly, focusing first on the infinite case. 
To start with we determine ratios Z^+l e / Z t ™ ple . In fact there are two possibilities, depend- 
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Figure 13: Four-colored pyramids: finite one with three stones in the top row, 
with generating function Z l p ple = (0| PV" 2 10) (left), and infinite one with four 
stones in the top row and generating function z t { iple = (Q + \WV\Q-) (right). 
Identifying variables as q a = Qb = Qi an d q c = % leads to the conifold case. 



ing on whether n is even or odd. We note that 

zSS = (n + |Ar 1 |r_(i)r' + (-i)r_( g6gc )r;(— ?— )|§|n_), 

qb q a qbq c 

z*7' e = (fi + |Ar 1 |r4i)rv(-)r_( Mc )r (q a q b q c )|g|fi-), 

qb 

zSS = (o + |Ar 1 |r_(i)r'_(qb)r_( gb g c )r'_(q a q b q c )|g|Q_). 

We see that the only difference between these quantities is in the form of r' ± operators 
(and their arguments) written in bold. So if commute r+ to the right and T'_ to the left, 
the remaining correlators will be the same. In this way we find 



IU=A*- + <1_ ^oJU + tJ TT 1 - Q'QaQc 

r e " qaqc) a=„(i + ^)(i + fa) i\ i - i ' 



(74) 



as well as 

zj;; i - M, ns„(i +9-*)d + £) f.! 1 - ?w 

From these ratios and the value of ^™ p/e given in (17D|) we can reproduce explicit formulas 
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for all Z^P le . We find 

n 

Zgg = Z t r le l[(a l b l )= (76) 
i=i 

= M(l,q) l M(q A ,q))M(q t q c ,q))(l + q c )"y. 



X ft (1 + J + £ + + r77)" + ' >< 

7 Qa Qb QaQbQc 

1=1 

OO j 

n (i + ^r~ n (i + ^T""(i + -r n (i + ~ n , 

1 1 Qc 

1=11 + 1 



as well as 

z tri P le = ztrivl^J^aA) = (77) 



n-1 



M(l, g) 4 M(g a g c , q))M(q b q c , q)) \ J ^ J] - 



OO 1 _ g' 

9a 9c 



X 



00 i i i 

xTT(i+ + + + -J-)'""- 1 x 

?a Qb q a qbq c 

OO j 

X II C 1 + ^T"^ 1 + ^T""(l + + VaMctt) 1 ^* 1 . 

Qc 

i=n 

We checked that upon specialization (1S"6"|) both formulas above reduce to the generating 
functions of two-colored pyramid partitions with the same number of stones in the top row 
f l26|) . as they indeed should. 
In the finite case we have 

zSx = (oiAr 1 |r_(i)r' + (I)r_(g 6gc )r' + (-^)r_( g )|o), 



qb q a qbq c 

Qb' 



zg* = ( |xr 1 |r-(i)r / + (^)r_( ft g e )|o> 
2£% = (oi^ir-^io). 

Commuting these expressions we find 



as well as 



ytriple n—1 

|tgi= rid +«•*)(! +?-), pt 

Z 2n i=0 qb 



ytriple n—1 j 

»"-ik = rf 7 II( 1 +7>( 1 +^>- < 79 > 

Z 2n-1 1 + qa »=0 
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Together with Z l { iple = 1 it now follows that 

= f[(~aA)= (80) 



i=i 

„n n „n—i „n— i+1 

"a TT ft , " Wi i ^ 



n (i + —hi + - — r a + + <rv 



as well as 



n-1 



i=l 



„n w n n—i n n—i+l 



Upon specialization (166|) both these expressions reduce to the generating functions of two- 
colored pyramid partitions with the same number of stones in the top row (I2"8"j) . as they 
should. 

To sum up, we have found the generating functions of four-colored finite and infinite 
pyramid partitions, with arbitrary (even or odd) number of stones in the top row. The 
task that remains is to show that there exist such values of moduli R and B, and such iden- 
tification between crystal and string parameters, so that the structure of these generating 
functions is consistent with the structure ([6]) encoded in the topological string partition 
function, together with the condition on central charges ([5]). Below we show that these 
conditions are indeed met, and therefore the above crystal generating functions do pro- 
vide the correct BPS counting functions. We consider finite/infinite and even/odd cases 
separately. 

^2n+i : infinite pyramid, odd chambers 

To start with we consider the generating function for an infinite pyramid with odd 
number of boxes 2n + l in the top row (1 76 p . Comparison of the form of products involving 
(1 + q^ l q l )i (1 + q^ l q l ) and (1 + q^q 1 ) with the chambers in the resolved conifold suggests 
the following the identification of the string coupling q s = e~ 9s and Kahler parameters: 

q s = q, Qa = ~q a q n , Qb = ~qbq n , Qc = ~q c q~ n , (82) 

as well as R > as was the case for infinite pyramids in the conifold well. In 

particular, under this identification [l^n+i ( l + <?a<Mc<f)*~ n = IlSil 1 ~ QaQbQcqIT, 
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M(q a q c ,q) = M(Q A Qc, q s ), M(q b q c ,q) = M(Q B Q C , q s ), (1 + q c ) n n=i(l + = 
nj*L n (l — QcQi) 3 1 etc. Now the form of products involving single Qa, Qb and Qc leads to 
the following identification of moduli 

R > 0, n<B A <n + l, n<B B <n+l, -n<B c <—n + l, for n > 1. 

(83) 

This is consistent with the form of products involving QaQc, QbQc an d QaQbQc, how- 
ever they impose respectively the following additional constraints: 

< B A + B c < 1, < B B + B c < 1, n < B A + B B + B c < n + 1, (84) 

which implies that in fact 2n < Ba + B b < 2n + l. Finally, the fact that R > implies that 
all factors M(l,q) should indeed be present. To sum up, under identifications (182|) . the 
crystal model for infinite pyramid with 2n + 1 boxes in the top row leads to the generating 
function 

Zintl = M(l,q s ) i M(Q A Qc,q s )M(Q B Qc,q s )x 

oo 

x J] (i - QaqIY^ - Qb<${1 - Qc^lYi 1 ~ QaQbQcqI) 1 x 

i=l 

oo 

x n { l -QAWs)\i-Q B Ws)\i-QcqVT\ l -QA 1 QB l Qc l q i s)\ 

i=n+l 

which is indeed the consistent generating function of D6-D2-D0 bounds states in the triple- 
P 1 geometry, in chambers specified by (183]) and (184"1) . 

Z^ ple : infinite pyramid, even chambers 

Next we consider the generating function for an infinite pyramid with even number of 
boxes 2n in the top row (I77p . Now the identification of the string coupling q s and Kahler 
parameters reads: 

q s = q, Qa = -q a q n ~\ Qb = ~qbq n , Qc = ~q c q' n - (85) 

The form of products involving Qa,Qb and Qc leads to the following identification of 
moduli 

R > 0, n-l<B A <n, n<B B <n+l, -n<B c <-n + l, for n > 1. 

(86) 
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together with additional constraints: 

0<B A + B C <1, 0<B B + B C <1, n-l< B A + B B + B C <n. (87) 

Again R > implies that all factors M(l, q s ) are present. To sum up, in this case the 
crystal model leads to the generating function 

z tri P ie = M (l,q s yM(Q A Q c ,q s )M(Q B Q c ,q s )x 

oo 

x n (i - Qa<£)\i - Qb<£)\i - Qc\l) 1 ^ - QaQeQcqI) 1 x 

1=1 

oo 

x II ( x - Qa&^ - Qi x gi +1 ) i+1 (i - Gc<fi)'(i - Qa x QI x Qo x <£)\ 

i=n 

which is indeed the generating function of D6-D2-D0 bounds states in the triple-P 1 geom- 
etry, in chambers specified by (1561) and (j57|) . 

Z%n+i : finite pyramid, odd chambers 

Now we consider the generating function for a finite pyramid in odd odd chambers 
labeled by 2n + 1 (i.e. the pyramid with 2n stones in the top row), given by (1801) . The 
identification of the string coupling q s and Kahler parameters reads: 

q s = -, Qa = -q a q~ n , Qb = -qbq~ n ~\ Qc = -q c q n , (88) 

q 

and now R < 0. The form of products involving Q a ,Qb and Qc leads to the following 
identification of moduli 

R < 0, n-l<B A <n, n<B B <n + l, -n-l<B c <—n, for n > 1. 

(89) 

together with additional constraint: 

- 1 < B A + B C < 0, -1 < B B +B C < 0, n<BA + -B B +B <n+l. (90) 

In particular < implies that factors of M(l, g s ) should indeed be absent in this case. 
Altogether, in this case the crystal model leads to the generating function 

n 

2££ = U( 1 - QaqtT 1 ^ - %V.)'(i - Q c q\y(i - q-^QcWs) 1 . 

i=l 

This is indeed the generating function of D6-D2-D0 bounds states in the triple-P 1 geometry, 
in chambers specified above. 
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Z 2 " pe : finite pyramid, even chambers 

Finally we consider the generating function for a finite pyramid in even chambers 
labeled by 2n (i.e. with In — 1 stones in the top row), given by flHTT) . The identification of 
the string coupling q s and Kahler parameters reads: 

q s = -, Qa = ~q a q~ n , Qb = ~qbq~ n , Qc = ~q c q n - (91) 

q 

The form of products involving Qa,Qb and Qc leads to the following identification of 
moduli 

R < 0, n-l<B A <n, n—l<B B <n, —n — l<Bc<—n, for n > 1. 

(92) 

together with additional constraint: 

- 1 < B A + B C < 0, -1 < B B + B C < 0, n- 1 <B A + B B + B C < n. (93) 

In particular R < implies that factors of M(l, g s ) should indeed be absent in this case. 
Therefore, in this case the crystal model leads to the generating function 

n-l 

z% ple = (i - Q c q.) Ui 1 - QaQ^(i - Q B l q l s ) l (i - Qcql +l ) l+l (i - Q A 1 Q B 1 Q c 1 ql) 1 - 

8=1 

This is indeed the generating function of D6-D2-D0 bounds states in the triple-P 1 geometry, 
in chambers specified above. 

4.6 Closed topological vertex 

In this section we discuss wall-crossing for the closed topological vertex geometry, whose 
toric diagram is shown in figure [TH We will denote various quantities associated to it by 
the label C. This geometry is also the symmetric resolution of C 3 /Z 2 x Z 2 orbifold. This 
is an example of the geometry which does not arise from the triangulation of the strip. 
Nonetheless it does not contain compact four-cycles, therefore the physical arguments 
reviewed in section 12.11 apply in this case as well. 

The closed topological vertex shares important similarities with the triple-P 1 geometry 
analyzed in the previous section. In this case let us also denote by A, B, C the three 
independent P^s, and by T A ,T B ,Tc the corresponding Kahler parameters, and let 

Qa = e~ TA , Q B = e- T * , Q c = e~ Tc . 
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In particular the topological string partition function for the closed vertex differs from the 
one of the triple-P 1 (I65p just by one factor of MacMahon function 

*c (n n n , w/ s2 M(Q A Q B ,q s )M(Q A Q c ,q s )M(Q B Q c ,q s ) 



" ; " - 1 ^" ^ ' ws; M(Q A ,q s )M(Q B ,q s )M(Q c ,q s )M(Q A Q B Q c ,q 

trij 
top 



M(Q A Q B , q s ) ■ Zt r j le (Q A , Qb, Qc). (94) 



From this we find that all non-zero Gopakumar-Vafa invariants for C are of genus 0, and 
in class (3 they read 

Np=o = —4, Np = ± A = Np = ±B = Np = ± c = N/3 = ±( A+B+C ) = 1, 

Np=±(A+B) = Np-±(B+C) — ^V/9=±(A+C) — — 1- 




Figure 14: Toric diagram for the closed topological vertex geometry. 



The close relation between partition functions of C and triple-P 1 suggests the existence 
of similar underlying crystal models in both cases. There is a natural crystal model for 
the non-commutative Donaldson- Thomas chamber for C, discussed in [T3], which consists 
of four-colored plane partitions colored according to the action of Z2 x Z2 group. Let us 
denote the generating function of these partitions by Z c . In [13] it was shown that Z c 
indeed reproduces the non-commutative Donaldson-Thomas invariants for C. Moreover, 
it was also shown that it is closely related to four-colored partitions (with one stone on 
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top) which we associated to triple-P 1 in the previous section. In particular the generating 
functions of these two crystal models differ by a factor M(q a qb, q) 

Z c = M{q a q b ,q)Z t r l \ (95) 

where zl nple is given by the formula (T70|) . This relation is of course consistent with (194"|) . 

Our aim now is to extend the relation between the non- commutative Donaldson- 
Thomas invariants for these two geometries beyond the extreme chamber. We focus first 
on the chambers for triple-P 1 associated to extended pyramid partitions from the previous 
section. We postulate that a generating function of each such partition can be identified 
with a generating function of BPS invariants of C in certain chamber, up to some overall 
factor of the form 

^{QaQb^s)- (96) 

This overall factor should reduce to M{q a qi ) ) to reproduce (I9l)j) in the extreme chamber. 
Moreover, we postulate that a similar relations hold for finite pyramids, and BPS generating 
functions for C and triple-P 1 in chambers corresponding to finite four-colored pyramids are 
identified up to a factor of a form 

Jln(QAQB,qs), (97) 

which reduces to 1 in the extreme chamber with a pure D6-brane. 

We will apply now the physical arguments of section 12.11 to prove that these postu- 
lates are true. The closed vertex BPS generating functions Z c {Qa,Qb,Qc',B,R) and 
Z c {QaiQbiQc'i B,R) associated respectively to chambers corresponding to infinite and 
finite pyramids depend on the values of four moduli: the radius R and i?-fields through 
three P^s which we denote by Ba,Bb,Bc- We prove that these postulates are true by 
finding the explicit form, for each such pyramid, of: 

• an identification between crystal q , q a , qt, q c and string q s , Qa, Qb, Qc parameters, 

• values of moduli R, Ba, Bb, Be, 

• correction factors fi n {qaq b ,q) and Jl n {qaq b ,q) for infinite and finite pyramids, 
such that 

Zi: iple (qo, q a , Qb, q c ) »n(q a q b , q) = Z°(Qa, Qb, Qc, B, R), (98) 
Z^iqo, q a , q b , q c ) tn(q a q b , q) = Z C {Q A , Qb, Qc\ B, R), (99) 
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respectively for infinite and finite pyramids. The identification of crystal and string pa- 
rameters, as well as values of stringy moduli, must be completely specified by n which 
encodes the length of a given pyramid. 

In fact, as a consequence of the relation between partition functions (j94|) we realized the 
above postulates to some extent already in the previous section, by matching four-colored 
pyramid generating functions to BPS counting functions for triple-P 1 . All we have to show 
now is that there exist appropriate fi n {QAQB,c[s) and Ji n (Q aQ b , Qs) , consistent with the 
values of moduli, which is a non-trivial condition. Nonetheless this is indeed the case, as 
we show below for each case of infinite/finite and even/odd chambers. 

While the identification of wall-crossing chambers completed below is satisfying from 
the physical point of view, there still remain several interesting questions. 

Firstly, one might wonder what are the crystals whose generating functions are given by 
the left hand side of equations (I9"8j) and (199 p . As reviewed above, in the extreme chamber 
for infinite pyramids such a crystal in given by Z 2 x Z 2 -four-colored plane partitions. We 
conjecture that for all other chambers discussed above, the corresponding crystal model is 
given in terms of similar four-colored plane partitions, which fill a container that develops 
appropriate number of corners, similarly as in figure [7J 

Secondly, it would be interesting to find whether there exist, and if so that what are 
crystal models associated to other chambers of the closed topological vertex. 

Z% n+1 : infinite pyramid, odd chambers 

We consider first the chambers corresponding to infinite pyramids with 2n + 1 stones 
in the top row with generating functions (|76|) . We postulate that the relations (|82|) . fl83jl 
and f lM]) found for the triple-P 1 hold also for the closed vertex: 

q s = q, Qa = -q a q n , Qb = -qbq n , Qc = -q c q~ n , 

R>0, n<B A <n + l, n<B B <n + l, -n<B c <-n + l, for n > 1, 

< B A + B c <l, < B B + B c <l, n< B A + B B + B c <n + l. 

In particular this implies that 2n < B A + B B < 2n + 1, and therefore the factor ( |96|) can 
be chosen consistently as 

X X 

^uqaq b , ,.) = n (i _ QaQb& _n_ d-Q-.Q-,.,.- 
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Finally, the fact that R > implies that all factors M(l,q) should indeed be present. To 
sum up, under the above identifications, the crystal model for infinite pyramid with 2n+ 1 
boxes in the top row leads to the BPS generating function 

ZL+i = M{l,q s ) 4 M{Q A Q Cl q s )M{Q B Q c ,q s )^ 2n+1 {Q A Q B ,q s )x 



oo 

i=i 

oo 

II C 1 - Qa&^ - Qb^YO- - QcqTT\ l ~ QaQbQoW 

i=n+l 



X 



and this is indeed a consistent generating function of D6-D2-D0 bounds states for the 
closed topological vertex, in chambers specified above. 

Z$ n : infinite pyramid, even chambers 

Next we consider the chambers related to infinite pyramids with 2n stones in the top 
row, with generating functions (177|) . Again we assume that the relations (185]) . (186|) and 
(I87p found for the triple-P 1 hold for the closed vertex: 

q s = q, Qa = -q a q n ~ l , Qb = -qtq n , Qc = -q c q~ n , 

R>0, n-l<B A <n, n<B B <n+l, -n<B c <—n + l, for n > 1, 

< B A + B c < 1, < B B + B c < 1, n - 1< B A + B B + B c < n. 

These values of background fields also imply that the factor f )96|) can be chosen consis- 
tently as 

x 1 1 

I^QaQb, 1.) = If (1 — QaQbqIY Jd-fiW 

The fact that i? > implies that all factors M(l,q s ) are present. To sum up, in this case 
the crystal model leads to the BPS generating function 

Z c 2n = M(l,q s ) 4 M(Q A Q c ,q s )M(Q B Qc,q s )fi2n(QAQB,q s ) X 

oo 

II(i — Q A ql)\i - Qb£)\i - Qc l q l s f{i - QaQbQc^Y x 



oo 

X 

i=l 

oo 

X 
i=n 



which is a consistent generating function of D6-D2-D0 bounds states for the closed topo- 
logical vertex, in chambers specified by (186|) and (jSj 

48 



-Zfn+i- finite pyramid, odd chambers 

We turn to consider the generating function for finite pyramids associated to odd 2n+ 1 
chambers, with generating functions (IHUj) . From the analysis of triple-P 1 we know that fl88|) . 
(]89j) and §M) should also hold: 

q s = -, = -q a q~ n , Qb = -qtq^ 1 , Qc = -q c q n , 

q 

R < 0, n - 1 < B A < n, n < B B < n + 1, — n - 1 < -Be < — ra, for n > 1, 

-1< 5 A + 5 C < 0, -1< B B + B c < 0, n < S A + S B + < n + 1. 

Now .R < implies that factors of M(l,q s ) should be absent. The above values of 
background fields imply that the factor (197|) should be chosen as 

2n ^ 

Altogether, in this case the crystal model leads to the BPS generating function 



This is the consistent generating function of D6-D2-D0 bounds states in the closed topo- 
logical vertex geometry, in chambers specified above. 

Z% n : finite pyramid, even chambers 

Finally we consider the generating functions associated with finite pyramids and even 
2n chambers, with generating functions (jSTj) . The analysis of triple-P 1 case implies (|9l)) . 
(E2D and flU 

q s = -, Qa = ~q a q~ n , Qb = -qbq~ n , Qc = -q c q n , 
q 

R < 0, n - 1 < B A < n, n - 1 < B B < n, -n - 1 < B c < —n, for n > 1, 

-1 < B A + B c < 0, -1 < £ B + B C < 0, n- 1 < B A + B B + B c <n. 

Now i? < implies that factors of M(l, g s ) should indeed be absent in this case. These 
values of background fields also imply that the factor (I9"T|) should take the form 

2n-l 



^(QaQbAs) = ] [ — 
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Altogether, in this case the crystal model leads to the generating function 

n-1 

z c 2n = Ji2n(QAQB,q s )(i-Qcq s ) n ^-Q A \l)\i-Q B Ws)\i-QcqTr + \i-Q A 1 Q B 1 Qc\ l s y 

1=1 

This is a consistent generating function of D6-D2-D0 bounds states for the closed topolog- 
ical vertex, in chambers specified above. 

5 Proofs 

In this section we provide proofs of statements from section |3l which relate BPS gen- 
erating functions with fermionic correlators. 

5.1 Quantization of geometry 

In this section we prove (j4ip . which states that 

Z = Z, 

under the identification of parameters (H2|) . Here 

z = 

is the overlap of the states |f2±) which encode information about the classical geometry 
and Z denotes the BPS partition function in the non-commutative Donaldson-Thomas 
chamber. 

The states |fi±) are defined in terms of A± as in (I58j) and f l5§|) . Using (j2T|) one can 
check that A± satisfy the commutation relation 

A+(x)A4y) = C(x, y)A4y)A+(x), (100) 

with 

v) = n _ ~wTi 1 1 \( 1 - t itj %yq {qm+i ■ ■ ■ ?,-0) (±-Ut 5 xyq ) 

The proof of f HTj) therefore amounts to repeated application of relations f llOOp in order 
to commute all T + operators to the right of T_, similarly as in the case of MacMahon 
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function and We get 

oo 

<n + |n_) = (0| . . . A + ( q 2 )A + ( q )A + (l)\A4l)A4q)A4q 2 ) . . . |0> = J] C(q r , q s 

r,s=0 

oo i 

This expression indeed reproduces 2 = Z t( ^(Qi)Ztap{Qj ), with Z top (Qi) given in (129]) and 
changing variables according to ( H2|) . In particular, under the redefinition (H2i) each factor 
of the infinite product becomes 

(i - (tit^tA+iQfKu+^Q^) ■ ■ ■ (tj-itiQt-iMsT^ 1 = 0- ~ (Qi ■ ■ ■ Qj-i)* 1 ^)-** 1 - 

Therefore one always gets an overall minus sign inside the bracket, as expected for 
Z top (Qf l ). On the other hand, the overall power is either +1 or — I, if z'th and j'th 
vertex are respectively of the opposite or of the same type. This means that a factor we 
consider appears respectively in numerator or denominator, in accordance with the "effec- 
tive" local neighborhood of a chain of P^s Qi - ■ ■ Qj-i being respectively 0(—l) © 0(—l) 
or 0(-2) © O. This proves (HTj). 

5.2 Wall-crossing operators 



In this section we prove statements from section I3l3| considering respectively all possible 
signs of R and 5-field. In all formulas below we represent operators W pj W' and A± as 
in (155]) and ( I37j) . with the same fixed p. 

Chambers with R < 0, B > 

Here we prove the equality (H5|) and in consequence (|47|) . To compute the expectation 
value 

z nlP = (o\(W p ) n \o) (ioi) 

we have to commute all to the right of all T*! operators. It is convenient to approach 
this problem recursively. We therefore assume that manipulating (W p ) n to get a form 
ordered in such a way gives rise to an overall coefficient C n arising from commutation 
relations between r±. Therefore, in addition moving all Q's to the right: 

n— 1 n— 1 

(w P r = c n ( n i- (s*)) ( n tk?*- 1 )) 

i=0 i=0 
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Now an insertion of one more wall-operator can be written as 

n n 

(w P r +l = Oh-i ( n 7i(«*)) ( n -y+fe* -1 )) 



yn+1 



i=0 i=0 
78— 1 n— 1 



[C n ( II 7i(? 4 )) ( II 7+(^ _1 ))Q n ] [t^W (*/?)§ 

i=0 i=Q 

71—1 71 71 

c n ( n ^(9^)) ( n -^(9*)) ( n -a^ 1 )) ^ n+i > 



where 



i=0 i=0 i=0 



p n+i , , 

xy ■• 



c p( x v) = n n (i - (*r<« 



. QsQs+l ' ' ' <?r-l 

s=l r=p+l 



arises from a commutation of ^\{x / q)^/ l _{y) = r y-(y)j+(x/ q)cp(xy) . Therefore 



nzJ c p(y n i ) and we s et 



71—1 71—1 k— 1 71—1 

^ = ^=n^ ti =nn c ^)=n c ^ n ~ j ) 

fe=l * fc=l 1=0 8=1 



78-1 p 7V+1 



- nnnj'-w- 

1=1 s=l r=p+l 

which proves (H5|) . A change of variables (146]) leads finally to the identification of crystal 
and BPS partition functions (T47j) . 

Chambers with R > 0, £? > 

Here we prove the equality (l4~8l) . We wish to compute 

z n]p =(n+\(w p ) n \si-). (102) 

This case is more involved than the previous one with R < 0, because apart from the 
ordering of F% in the product of wall-operators, we also have to commute infinite sets of 
r±'s encoded in |fi±). It is again convenient to approach this problem recursively and 
determine Z n+ i\ p /Z n \ p . First note that we can write 

Z n]p = (n + \(W p r\^(lhl(l)\A4q)A4q 2 )...\0), (103) 
Z n+1]p = (fi + |(H7 p r| 7 i(l)7+(^ 1 )l^-(g)^-(? 2 )---|0). 

The only difference between these two expressions is that 7^(1) appears in the former 
instead of 7+(g _1 ) in the latter. After commuting these operators respectively to the left 
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and to the right we will be left with the same correlator. First of all, the contribution from 
commuting 7^(1) to the left in Z n \ p over 7^'s (from all A + and W p ) is the same as the 
contribution from 7+(g _1 ) passing over all in Z n+ i\ p . Then, commuting 7^(1) in Z n \ p 
to the left over all 7+ gives a factor 

00 p JV+l 

5 n =nn n (i-(^y +n+ w+i---?r-i) 



trts 

) 



=0 s=l r=p+l 

while commuting 7+(l) to the right in Z n+1 \ p over all 7! gives 



QsQs+l " " " Qr-l ■ 



q 



1=0 s=l r=p+l 

Let us now assume that Z n \ p has the form given in (J3H 



^| P = M(l,g)^^zW^, (104) 



with the following factors 

X Jf' \ —t r t#l / , \ —trtsl 

QsQs+l ' ' ' 9r-l • 



^ = II II i 1 -^) — q - (l - • ■ ■ gr- 



00 

Z ib = II II ( X - (t r t s )q l+n q s q s+l ■ ■ ■ q r _^ 



t f t a L 



=1 p&s,r+lCl,N+l 

00 / \ —t t 1 

= n n 1 



QsQs+i ' ' ' QV-i 

J1 + 1 p6s,r+lCl,JV+l 



Then the relation between correlators in fll03[) implies that 



Now we check that 



_n|p _ 7 (1) 7 (2) T _ 7 (2) 

C ^n+l|p> ^n|p "+ 1 n+l|p - 



The factor Z, = Z^.., in fact does not depend on n, so we conclude that 

n|p n+l\p " ' 

^n+i| P = M(l, q) N+1 Z^ +1]p Z^ +1]p Z* +1 \ p . 

This form is consistent with the assumption of the induction proof (I104|) . This proves (JHJ), 
and further change of variables f H9|) leads to the identification of crystal and BPS partition 
functions (jUJ). 
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Chambers with R < 0, B < 

Here we prove fl5Tj) . We wish to compute the correlator 

Z' n \ P =(0\(W' p r\0). (105) 
The proof is analogous as in the case R < and B > 0. As we already discussed, 

4 |p =(0|0) = l. 

But contrary to the case with B > 0, an insertion of a single W p has a non-trivial effect. 
Again we assume that manipulating (W p ) n to bring all to the right of T^l gives rise to 
an overall coefficient C' n : 

n— 1 n— 1 

(^r = Cn(n^)) (n^' 1 ))^ 1 - 

i=0 i=0 

An insertion of one more wall-operator leads to the relation 

n 

C' n+ i = C n (U c ' P ^) 

i=0 

where 

v N+l 

c ' P ( x y) = II II i 1 ~ ( t r t s)xyq s q s +i ■ ■ ■ q r -ij 

s=l r=p+l 

arises from a commutation of 7+(x / q)'J 2 _{y) = l-{y)~f]-{x/q)c p {xy). Therefore 

n— 1 ^y/ n—1 k n 

k=l k k=l i=0 i=l 

n p N+l _ t t . 

= nn n ^-(M^M^-gr-i) rs ■ 

i=l s=l r=p+l 

This proves (l5Tj) . Changing then variables according to (152|) proves (|53|) . 

Chambers with i? > 0, £? < 

In the last case we prove f )54p and compute 

z' nlp = (n + \(W' p r\n_). (106) 
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The proof is analogous to the case with B > 0. Again we have to commute all r+ to the 
right of r_. First note that we can write 

K\ P = (fi + i(w;ri7i(i)7 2 (i)i^(g)^-(g 2 )---io), (107) 

z' n+1]p = (n + |(W' p ri7i(g- 1 )^(i)|A.(gM-( g a )...|o>. 

The only difference between these two expressions is that 7i(l) appears in the former 
instead of 7+(g~ 1 ) in the latter. After commuting these operators respectively to the 
left and to the right we will be left again with the same correlator. The only nontrivial 
contributions will arise from commuting 7^(1) in Z', p to the left over all 7+ 



x P N+1 / J+n+l \ - t t 

- Illl II " 



r L s 



SJ 1 

. . . QsQs+1 ' ' ' QV-lV 

1=0 s=l r=p+l 

as well as from commuting 7+(g~ 1 ) to the right in Z' n+1 < p over all 7. 

00 p N+l 

T n+i = n n n i}~ • • • 

1=0 s =l r=p+l 



We assume now that Z', has the form given in equation ([5 

ZL ]p = M(l, q )^zXz'U Z >V, (108 

with the following factors 

00 1 —t t 1 ' ' ' 

z n"p = n n (i-w q y s (i-(t r t s ) g w + i---g r -i 

»=1 pgs,r+lCl,JV+l 

00 . , , 

Z 'S = II II (l-(trt s )q l - n q s qs + i---qr-i 



p£s,r+lCl,iV+l 

I I II /, ,,,1 «' + " ^ 



= n n i-<* 



. . qsqs+i ■ ■ ■ Qr-i 

' =1 pe«,r+lCl,iV+l 



The relation between correlators in (jlU7j) implies that 

Z' ,„ = M(l, g)^ 1 Z /( , 0) Z' ( , 1} Z /( , 2) ^i. 



We now check that 



Z K2) 



n\p_ _ 7 (2) 7 (1) T , _^ y{\) 

gl n+l|p> n\p n+1 ^n+l|p" 
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The factor Z'^ = Z'^^ p does not depend on n, and we conclude that 

Z' n =M(l,q) N+1 zW Z'M Z' ( % . 

n+L\p \ in n+l\p n+l\p n+l\p 

This form is consistent with the assumption of the induction proof fl 1 8 j) . and therefore 
(151]) is proved. Further change of variables (155]) leads to the identification of crystal and 
BPS partition functions (I56p . 



6 Summary and discussion 

In this paper we developed a fermionic approach to BPS counting in local, toric Calabi- 
Yau manifolds without compact four-cycles. We also discussed its crystal melting inter- 
pretation, and explained the structure of crystals associated to all manifolds in this class, 
in a large set of chambers. There are however several issues which require further analysis. 

Firstly, we considered mainly chambers associated to turning on arbitrary S-field of 
magnitude n through one, fixed p'th two-cycle in the geometry, in terms of correlators of 
the wall-crossing operators of the form ((W p ) n ). In addition we analyzed a few examples of 
turning on 5-fields of similar magnitude through all two-cycles simultaneously, and found 
the corresponding wall-crossing operators W and V in section 14.51 It would certainly be 
interesting to find more general wall-crossing operators and associated crystal interpreta- 
tion for all chambers, i.e. for arbitrary values of 5-fields through any set of two-cycles 
turned on simultaneously. 

Secondly, and more conceptually, it would be interesting to find physical reason for 
the occurrence of these free fermions. For example, such an interpretation has been found 
in [23] for related, but different fermions arising in the B- model topological vertex |21] . 
Supposedly our setup would require extension of [23J to include chamber dependence. It 
is also interesting to see if there is more direct connection between the framework of [21] 
and ours, and what would be the role of integrable hierarchies in our context. 

As we saw in various examples in section HJ our crystals unify and generalize various 
other Calabi-Yau crystal models which appeared previously, such as plane partitions for 
C 3 and pyramid partitions for the conifold. We also claim that these new crystals are 
equivalent to crystals introduced in [28j, for the class of manifolds that we consider. They 
must also be related to other statistical models of crystals, dimers, and associated quivers, 
considered these days in [T3J [29] [31] [32] [33]. In particular, modification of crystals upon 
crossing the walls of marginal stability must translate to the dimer shuffling operation of 
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the corresponding dimer models [TT| [HJ [9]. From our results we see that this is obviously 
true for the conifold. In fact it is not known how to perform dimer shuffling beyond the 
conifold case. To define it, one could therefore try to translate the effect of the insertion 
of our wall-crossing operators in the corresponding dimer models. 

We note that there is also a different crystal model for the closed topological vertex [34] , 
given in terms of plane partitions in a box whose sides are of finite size and translate to 
Kahler parameters of three P l! s. Furthermore, yet another model for the resolved conifold, 
related to the deformed boson- fermion correspondence, have been discussed in [35| . It 
would be interesting to relate these models to the present results. 

There are also further generalizations one might think of. The string coupling g s could 
be refined to two independent parameters ei,e2- In certain special cases such refinements 
were interpreted combinatorially, both for two-dimensional [22] and three dimensional par- 
titions [36J. Such a refinement was also found for pyramid partitions for the conifold [9j and 
shown to be equivalent to considering motivic BPS invariants of Kontsevich and Soibel- 
man [£>]. It is tempting to generalize our results in this spirit, both from the perspective of 
fermionic states as well as crystals. Such generalization could also be translated to refined 
dimer shuffling operations. 

One could also consider open topological string amplitudes [37] and their wall-crossing 
from fermionic and crystal viewpoint. In the large radius chamber open string amplitudes 
have been interpreted in terms of defects in crystals and analyzed in [38, 39, 3J. It would 
be nice to extend this interpretation to other chambers and crystals that we propose. The 
chain of dualities for open string wall-crossing proposed in [IUJ should also be helpful in 
finding such an interpretation. This should also be consistent with the approach to open 
non-commutative Donaldson-Thomas invariants proposed in [30, 3 lj . 

Finally, one could extend our results to other geometries, such as non-toric manifolds 
considered in [TB I |4"T | |4"2] . 

Acknowledgments 

I thank Jim Bryan for discussions which inspired this project. I am also grateful to Rob- 
bert Dijkgraaf, Albrecht Klemm, Hirosi Ooguri, Yan Soibelman, Balazs Szendroi, Cumrun 
Vafa, and Masahito Yamazaki for useful conversations. I appreciate hospitality and in- 
spiring atmosphere of the Focus Week on New Invariants and Wall Crossing organized at 
IPMU in Tokyo, International Workshop on Mirror Symmetry organized at the University 



57 



of Bonn, and 7 th Simons Workshop on Mathematics and Physics, as well as the High En- 
ergy Theory Group at Harvard University. This research was supported by the DOE grant 
DE-FG03-92ER40701FG-02, the Humboldt Fellowship, the Foundation for Polish Science, 
and the European Commission under the Marie-Curie International Outgoing Fellowship 
Programme. The contents of this publication reflect only the views of the author and not 
the views of the European Commission. 



58 



References 



[1] A. Okounkov, N. Reshetikhin, C. Vafa, Quantum Calabi-Yau and Classical Crystals, 
hep-th/0309208. 

[2] A. Iqbal, N. Nekrasov, A. Okounkov, C. Vafa, Quantum foam and topological strings, 
JHEP 0804 (2008) Oil |hep-th/03 12022 . 

[3] P. Sulkowski, Calabi-Yau crystals in topological string theory, PhD thesis [0712.2173 
[hep-th]]. 

[4] D. Maulik, N. Nekrasov, A. Okounkov, R. Pandharipande, Gromov-Witten theory and 
Donaldson-Thomas theory, I, math/0312059. 

[5] F. Denef, G. Moore, Split states, entropy enigmas, holes and halos, hep-th/0702146. 

[6] M. Kontsevich, Y. Soibelman, Stability structures, motivic Donaldson-Thomas invari- 
ants and cluster transformations, 0811.2435 [math. AG]. 

[7] D. Jafferis, G. Moore, Wall crossing in local Calabi Yau manifolds, 0810.4909 [hep-th]. 

[8] W. Chunag, D. Jafferis, Wall Crossing of BPS States on the Conifold from Seiberg 
Duality and Pyramid Partitions, 0810.5072 [hep-th]. 

[9] T. Dimofte, S. Gukov, Refined, Motivic, and Quantum, 0904.1420 [hep-th]. 

[10] B. Szendroi, Non-commutative Donaldson-Thomas theory and the conifold, Geom. 
Topol. 12 (2008) 1171-1202 [0705.3419 [math.AG]]. 

[11] B. Young, Computing a pyramid partition generating function with dimer shuffling, 
0709.3079 [math. CO]. 

[12] R. Pandharipande, R. Thomas, Stable pairs and BPS invariants, 0711.3899 
[math.AG]. 

[13] J. Bryan, B. Young, Generating functions for colored 3D Young diagrams and the 
Donaldson-Thomas invariants of orbifolds, 0802.3948 [math. CO]. 

[14] S. Mozgovoy, M. Reineke, On the noncommutative Donaldson-Thomas invariants aris- 
ing from brane tilings, 0809.0117 [math.AG]. 



59 



[15] K. Nagao, H. Nakajima, Counting invariant of perverse coherent sheaves and its wall- 
crossing, 0809.2992 [math. AG]. 

[16] K. Nagao, Derived categories of small toric Calabi-Yau 3-folds and counting invari- 
ants, 0809.2994 [math.AG]. 

[17] R. Dijkgraaf, C. Vafa, E. Verlinde, M-theory and a topological string duality, hep- 
th/0602087. 

[18] M. Aganagic, H. Ooguri, C. Vafa, M. Yamazaki, Wall Crossing and M-Theory, 
0908.1194 [hep-th]. 

[19] E. Witten, Quantum Background Independence In String Theory, hep-th/9306122. 

[20] Hartle-Hawking Wave- Function for Flux Compactifications, Lett. Math. Phys.74 (2005) 
311, [hep-th/0502211] . 

[21] M. Aganagic, R. Dijkgraaf, A. Klemm, M. Marino, C. Vafa, Topological strings and 
integrable hierarchies, hep-th/03 12085. 

[22] N. Nekrasov, A. Okounkov, Seiberg- Witten theory and random partitions, hep- 
th/0306238. 

[23] R. Dijkgraaf, L. Hollands, P. Sulkowski, C. Vafa, Supersymmetric gauge theories, 
intersecting branes and free fermions, JHEP 0802 (2008) 106 [0709.4446 [hep-th]]. 

[24] R. Dijkgraaf, L. Hollands, P. Sulkowski, Quantum Curves and V-modules, 0810.4157 
[hep-th]. 

[25] M. Jimbo and T. Miwa, Solitons and Infinite Dimensional Lie Algebras, Kyoto Uni- 
versity, RIMS 19 (1983) 943-1001. 

[26] I. G. Macdonald, Symmetric Functions and Hall Polynomials, Oxford Mathematical 
Monographs, 1995. 

[27] A. Iqbal, A. Kashani-Poor, The vertex on a strip, Adv. Theor. Math. Phys. 10 (2006) 
317 |hep-th/0410174] . 

[28] H. Ooguri, M. Yamazaki, Crystal Melting and Toric Calabi-Yau Manifolds, 0811.2801 
[hep-th]. 



60 



[29] K. Nagao, Noncommutative Donaldson- Thomas theory and vertex operators, 
0910.5477 [math.AG]. 

[30] K. Nagao, Refined open noncommutative Donaldson-Thomas invariants for small 
crepant resolutions, 0907.3784 [math.AG]. 

[31] K. Nagao, M. Yamazaki, The Non- commutative Topological Vertex and Wall Crossing 
Phenomena, 0910.5479 [hep-th]. 

[32] Ben Young, to appear. 

[33] J. Bryan, C. Cadman, B. Young, The orbifold topological vertex, to appear. 

[34] P. Sulkowski, Crystal Model for the Closed Topological Vertex Geometry, JHEP 0612 
(2006) 030 |hep-th/0606055] . 

[35] P. Sulkowski, Deformed boson-fermion correspondence, Q-bosons, and topological 
strings on the conifold , JHEP 0810 (2008) 104 [0808.2327 [hep-th]]. 

[36] A. Iqbal, C. Kozcaz, C. Vafa, The Refined Topological Vertex, hep-th/0701156. 

[37] H. Ooguri, C. Vafa, Knot Invariants and Topological Strings, Nucl. Phys. B577 (2000) 
419-438 |hep-th/9912123j . 

[38] N. Saulina, C. Vafa, D-branes as defects in the Calabi-Yau crystal, [hep-th / 0404246 1 . 

[39] N. Halmagyi, A. Sinkovics, P. Sulkowski, Knot invariants and Calabi-Yau crystals, 
JHEP 0601 (2006) 040 |hep-th/0506230|. 

[40] S. Cecotti, C. Vafa, BPS Wall Crossing and Topological Strings, 0910.2615 [hep-th]. 

[41] T. Hollowood, A. Iqbal, C. Vafa, Matrix Models, Geometric Engineering and Elliptic 
Genera, JHEP 0803 (2008) 069 [hep-th/0310272] . 

[42] P. Sulkowski, Matrix models for 2* theories, Phys. Rev. D 80 (2009) 086006 [0904.3064 
[hep-th]]. 



61 



